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The above brochure is remarkable amongst all other hitherto published works dealing 
with this subject in that the various phenomena which determime the motion of Axles and 
Vehicles in the Track are extremely clearly iiivestigatedj and that without any of the assump- 
tions hitherto customary as to the position of the vehicle^ &c. 

The Author's method of investigation, associated as it is with neat and telling conclu- 
sions, yields an abundance of results some of which are new, some even surprising, and many 
practically very valuable. In order to economise space and not to weary the busy reader the 
Author omits all intermediate steps in his investigations — thus ensuring that the final impress 
sion is always clear and vivid. 

Chapter I treats of the motion of single axles, the distribution of pressure over the 
surface of contact, and of rolling-friction. To this follows, as Chapter II, the investigation 
of the motion of 4-wheeled vehicles in Curves. 

This Chapter II is the most important of the whole work, because it contains the 
investigation of the forces acting at the individual wheels which is fundamental for all that 
follows. This investigation is distinguished from all previous attempts in this : that in 
determining the motion of the H(ind), A(xle). there are none of the usual assumptions — xnostly 
erroneous — made, but the three possible vehicle positions depending on the situation of the. 
Rotation Axis are discussed, and the actual motion is deduced solely from a consideration of the 
action of the forces which arise when sliding of all 4 wheels on the rails takes place. 

Here the Author points out that the flange-clearance so supplements the curve- 
radius that the product of the two becomes a criterion for determining the position assumed 
by the vehicle. 1'he succeeding discussion of the position of the point or surface of contact 
of the leading fore-wheel and the rail, when the flange-hollow of the tire is inclined at a 
certain angle to the inner rounding-o£E of the rail-head, affords opportunity for a very re- 
markable calculation of the curve-resistance, which clearly brings out the influence of the 
wheel-base, track-clearance, &c., and oE which the numerical results almost exactly tally with 
those of von Eockl. 

An investigation of the influence of the shape of flange-hollow and of rail-head on 
resistance and wear forms the end of this Chapter; and the conclusion is drawn that the best 
shapes of both have been attained with the rounding-off hitherto employed ; whereas the profiles 
adopted in the U. S. America, in which the slide-surface of the flange is inclined to the rail at 
an angle of 60° with the horizontal, greatly increases the resistance, and also the tendency 
to sharp flanges. 

And since, as appears from the investigation, Fome SO ^ of the whole resistance 
occurs at the leading fore-wheel the Author calls particular attention to the importance of 
luhricaiing the flange of this wheel, particularly in locomotives. 

In Chapter III, the motion of 3-axled locomotives in curves is discussed ; and by 
means of the formulas, previously established, for a Standard Loco, of the Prussian State 
Railways running without load the forces acting at the wheels and the contact-angle at the 
outer fore-wheel are determined. 
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These forces, as also the horizontal forces tending to overturn the rail, are shown to 
diminish comparatively rapidly in curves of large radius ; from which is manifest the advantage 
of having the radii of curves always as large as possible. 

The investigation fallowing of a hauling 3-coupled Locomotive treats of the in- 
fluence of the tractive force on the action of the previously determined forces at the wheels, 
and the decrease of the rail-friction through the lateral slide of the F(ore). or M(id). A(xle}. 

It is tliiis shown that, the F. A. contributes to the tractive force in curves only to 
a comparatively small extent ; and this is further explained and illustrated by Figures. 

And further', that with the decrease of the lateral force on that axle, the safety of 
guidance of the locomotive decreases. Consequently in Express Locomotives, the F. A. ought 
not to be coupled.- 

After this follows determinations of the curve-resistances of a o-coupled Locomotive, 
and of the altei'ation in the wheel-loads due to the side-forces (negligible in vehicles), and to 
abnormal superelevation of the outer-rail. The conclusion reached is that the greatest side- 
pressure occurs either at the outer fore-wheel, or at the inner middle wheel, depending on 
the velocity. The action of the forces acting at the several wheels on the rails is illustrated 
for a Standard Goods Locomotive of the Prussian State Railways. 

Chapter IV is a very interesting and thorough investigation of the motion of a 
4*Wheeled ■(rchicle ill curves of large radius and in straights ; and the origin and behaviour 
of the serpentine, sinUous or meandering motion of vehicles, and the influence thereon of 
the type of vehicle — and, in particular of movable axles — is clearly explained with great skill. 
Some notes and data regarding the wear of rails bring the work to a conclusion. 

By the investigations collected in the present book the Author has not only very 
clearly stated a number of disputed questions — as, for instance, the use of cylindric treads — ^ 
which have not, with any certainty, been y^ solved by experiment, but has likewise 
greatly facilitated to the thoughtful observer the task of discovering the meaning and inter- 
connexion of the data already extant on this Subject; and has laid down the lines for future 
investigations j as for example, regarding the use of self-radializing trailing or hind-axles 
and of Locomotive triicks : and finally, he has produced for commencing Railway Engineers 
a most valuable text-hook which we cannot too wafnthj recommend. 

v.(on) B.(orries) 
In the " Organ fur die Fortschritte des Eiseiitoahnwesens"i 



AUTHOR'S PREFACE. 



MY REASON for offering to my fellow-professionals a series of discussions on 
the phenomena which occur between Rail and Wheel is that I attribute a 
great importance to this subject, and consider that its scientific treatment 
has, of late years, in comparison with many others in Railway Technics, been much 
neglected. The importance of the subject lies not only in its intimate connection 
with the question of the safety of Railway working but also in the existence of the 
great financial burdens which the maintenance in good working condition of the 
track and of wheel-tires imposes on Railway Administrations. 

As this book is designed for practical use it contains only discussions 
which are of direct value to the working Engineer, or which are necessary to a 
clear understanding of the subject as a whole. On the other hand, all details 
of construction of the permanent-way and rolling-stock are noted so far as these 
enter into the question. For the rest, in the development of the theory simple and 
generally well-known principles have been made use of ; and as to the particular 
methods employed, I. have borrowed one from a work of mine published in the year 
1873 in the " Zeitschrift fiir Bauwesen " on " The Motion of 4- wheeled Railway 
Vehicles in Curves "; and have in other cases employed new ones. 

Difficulties were at first encountered in correctly expressing the influence 
of Flange-clearance on the motion of vehicles in curves. These were got rid of 
by the introduction of the device of the product of Clearance and Curve-Radius. 
In this way it became possible to construct comparatively simple and general 
expressions for the action of the horizontal forces between Rail and Wheel; and 
so to discuss the resulting phenomena in a clear and simple manner. 

'The difficulties arising also from the introduction into the discussion of 
the ordinary form of wheel-tread have been overcome in a similar manner. 

However, owing to the complexity of the subject, it has not been possible 
to display the general results of the investigation in a form sufficiently simple for 
immediate comprehension ; and for this reason they have been illustrated, numeri- 
cally, by actual practical examples, in which the standard types of rolling-stock in 
use on the Prussian State Railways have been made use of. Finally, I would 
remark that all tedious intermediate steps in the argument, so far as has been 
possible without prejudice to clearness, have been omitted. 

It is the Author's hope that this little Work may contribute to increase 
the knowledge of the action occurring between Wheel and Rail, and to a recogni^ 
tion of the influence of the various individual parts of the vehicle and of the track 
on this action ; and also that it may, perhaps, induce others to undei'take further 
investigations in this subject, 

Hannovee. B(E DECKER.. 

January, 1887. 



COItTTElISrTS. 



1 INTRODUCTION. 

CHAPTER I. 

A single Wheel-pair on the Rails- 

§ 2 Position of the roll-circle on the wheel-tread surface. 

§ 3 Pressure on the surface of contact. 

§ 4 Resistance due to rolling-friction. 

§ 5 Resistance due to the relative motion accompanying rolling at the surface of contact. 

§ 6 Resistance of the wheels in the Straight. 

CHAPTER II. 

The motion of a 2- Axle Vehicle in Curves. 

§ 7 Position of a vehicle in a Curve. 

§ 8 Slide of the wheels on the rails. 

§ 9 Horizontal pressure of the Pore-wheel against the rail. 

§10 Inclination to the Axle of the surface of contact of the Fore-wheel. 

§11 Position of the point of support at the Fore-wheel relatively to the axis of wheel. 

§12 Practical formulae for the curve-pressure of Fore- wheel. 

§13 The Forces parallel to the axle at the Inner Fore-wheel, and at the H-wheels, 

§14 Curve-pressure of braked vehicles. 

§15 Influence of Curve-radius on the position of the vehicle. 

§16 Influence of Coupling-tension on the forces acting between wheel and rail. 

§17 Influence of the Coupling-tension on the position of the vehicle. 

§18 Influence of abnormal Saperelevation on the position of the vehicle. ' 

§19 Resistance of the vehicle due to Carvature. 

§20 Influence of the common shape of Wheel-tires on curve-resistance, 

§21 Influence of Wheel-radius on curve-resistance. 

§22 Influence of shape of Flange-hollow and Rail-head on curve-resistance, 

§23 Influence of Flange-clearance on curve-resistance. 

§24 Magnitude of the curve-resistance at the Flange of the leading Fore-wheel. 

CHAPTER III. 

The behaviour of a 3-axle Locomotive in Curves. 

§25 Effect of the locomotive on the track, and the influence of motion in curves on the 
Tractive-force. 

§26 Curve-resistance of a Goods-locomotive. 
§27 Variation in wheel-loads during motion in a curve. 

§28 Graphic representation of the action of a light-running Goods-locomotive on the 
rails. 

CHAPTER. IV. 
The behaviour of a 2-Axle vehicle in Flat Curves, and in the Straight. Wear of rails. 

§29 Motion of vehicles in flat Curves. 
§30 Motion of vehicles in Straights. 
§31 The Wear of rails. 



Kg. 1. 



Fig. 2. 



Tracks 



Axis 




Beg: No. 4860 
Copies 100 



Fhoto-Srist Bnrre; Office, Madras. 
1899 



INTRODUCTION. 



WLen a railway vehicle rims in the usual manner on the rails its axis changes its 
direction in each instant relatively to the axis of the track; that is, it does not remain in tlio 
middle of the track, but describes a sinuous line. 

This phenomenon, a fandamental consequence of the mode of construction of the 
ve]iicle,is much more pronounced in the straight than in curves; this is due to the fact that in 
passing through a curve there are certain horizontal forces acting between wheel and rail 
which influence the motion of the vehicle in the horizontal plane. 

The axis of the wavey line described by the vehicle coincides in straights with the 
centre-line of the track, but in curves it always lies at some distance from it;; for instance, in 
sharp curves it lies on the concave side. These two cases are represented in FigS. 1 and 
2. The motion of the vehicle is perturbed and rendered momentarily irregular by defects in the 
build of the vehicle, and by forces arising from inequalities or defects in the track, or from 
other chance circumstances, which either strengthen or weaken the wave-motion. 

Such perturbations also occur in straights and in curves when the wheel-flange- 
clearance is less than the wave-height or amplitude of the uniform swing or meander of the 
vehicle, the Fore Axle (= F. A.) impinging alternately against the inner and outer rail. 

This uniform wave-motion takes place in very flat curves ; but in such curves the 
centrifugal force is of little or no importance as regards vehicles and track, since the forces 
it produces between wheel and rail are quite insignificant. But when the uniform movement 
of the vehicle is interrupted by impacts of the wheel against the rail, then forces arise 
which have a very considerable influence thereon. 

These forces act mainly in the vertical plane through the wheel's axis, and may 
be resolved into components perpendicular and parallel to the axis of the impinging 
wheel. 

The vehicle is protected against the vertical blows by the springs, acting vertically, 
interposed between the axle-boxes and the under-frame : it is not, however, protected 
against the horizontal forces. These are transinitted through the axle-horns in almost 
undiminished intensity to the under-frame of the vehicle, and are only indirectly and partiallv 
extinguished in the bearing-springs when and only when the body of the vehicle is inclined 
to the direction of the blow. 

This only indirectly beneflcial action of the bearing-springs with respect to lateral 
blows and shocks is less the more nearly the position of the C. G. of the mass of the vehicle 
resting on the springs coincides with the axis of the impinging wheel. Were there complete 
coincidence the bearing-springs would have no effect whatever in diminishing the effect of the 
lateral blows on the car-body. 

The effect of horizontal impacts on the vehicle is moderated by the circumstance that 
the rails yield laterally under the influence of the blow; and also, by the mounting of the 
impinging wheel on the rail, if the flange-hollow is sufficiently flat to allow of it. By this 
mounting of the impinging wheel, a part of the horizontal blow is directed into the vertical 
plane and transmitted directly to the springs. 

The less the rails yield laterally, and the more the mounting of the wheel is 
hindered by a sharp rounding-off of the flange-hollow, the more severely will a lateral or trans- 
verse blow make itself felt in the vehicle. In tracks with wooden cross-sleepers, where the 
rails pwino- to the compressibility of the wood sleeper, have a certain amount of movement, i.e. 
rotation about a longitudinal axis lying in the foot of the rail, and when the foot of the rail 
itself yields laterally in proportion to the lateral bending or displacement of the outer spike. 



the horizontal Llows are not so severe as when the road is a metallic one; this is especially 
the case with iron cross-sleepers in which the rails are rigidly fixed in their normal position. 

The elastic displacement of the rail-head occurring in a wooden cross-sleeper road is not by any means insig- 
niScant. Thus M. M. von Weber found that with Vell-maintafned sleepers in a falling straight there occurred 
a maximum temporary increase of gauge of 6 to 9mm., and in curves of 283in. radius it amounted to 7 to 16 mm. 

This enlargement of gauge — due to lateral yielding— was in both cases distributed almost uniformly over 
the rails lying opposite." 

Because the axis of the vehicle describes a curved path and the vehicle, in addition 
to its forward longitudinal motion, has a rotation about a vertical axis, the wheels while 
rolling slide or are displaced in the direction of their axles. There is consequently at 
each wheel a resistance due to sliding in addition to the resistance due to rolling. Tlieso 
two kinds of resistance to motion operate independently of eaoh other, and demand, during 
the motion of the wheel from one position to another, the doiug of an amount of work' made 
up of parts proportional to the paths rolled-over and slid-over, respectively, 

la the motion of the wheel on the rail the. size and shape of the surface of contact 
depends oa the wheel-load, on the profiles of the touching surfaces and on the compressibility 
of their material. Usually, the surface of a tire is not cylindrical, the individual points of 
the areas in contact are not at equal distance from the axis of the wheel, and have, con-, 
sequently, unequal angular velocities. 'J'he result of this is that it is only the points lying 
Ju the ruunirjg^perimeters that r.-ially rest on the rail — and therefore roll; all the others slide, 

In this manner eaoh point moves in a definite vertical plane perpendicular to the 
axlo ; and therefore, the sliding due to the conical shape of the wheel-tread takes plaoe iu a 
direction perpeiidicular to the axis of the wheel. 

The resistance between wheel and rail in the si raiglt is made up, consequently, of 
the (very smal]) resistance due to this slide, and of that due to rolling. 

But when a vehicle moves through a curve the wheels are displaced on the rails in 
the directloi^ of their axles, and there is a sliding of all the points in the surface of contact 
iu this samp direction ; aqd if the distapces of the contact-surfaces from the axle, viz,, the 
radii of the contact-circles, in both wheel-pairs, do not stand to each other in the. same 
ratio as the radii of the track rails then there is an additionp,! resistance to motion and iu 
the direction of the vehicle's travel. From the combined effect of these two resistances duo 
to sliding at each wlieel there arises a ineiisuiable increase in the resistance to traction in 
the drawrbar, or oar-coifpling, over tl^at iu the stl•^.ight; and it is this excess which is usually 
termed Curve-Resistance. 

Jn g, rigo^jous 4etepmination of curve-resistance the various n^odifying pffpcts qf the 
atmosphere, swaying of the vphicle, and of journal-friction shoujd be tal^en into account, 
because these a&'ect tjie resistance of vehicles in Curves quite otjierwisp thp,n they do ifl 
gij-aights. But since the mo4ificatlons due to these causes arp but small, they have been 
neglected in the di3tormina|;lon of curye-sresistance pn pages 31 to oj. 

The porn)issibi}ity of s^clj a simpli^catlon of the theoretic qr rlgopou^ ^eterminatiui) 
of curve-resistan,ce need hardly be insisted upoij, and tl^e almost perfecl; coincidence of 
Ithe numerical results obtained by tlje Author on the above assumptions with those of the 
comprehensive experiments parried out in 1877 and 1^78 by vqn Rocki sufficiently justifv it.t 

The factors chjefly influencing Curye-resist3,nce are (a) thp cupvature of the track, 
(b) the wheel-base, and (p) thp relatiye shfipe of flq,nge-hollow to the^ rouudedjoft" top corner 
pf the railrhead. 



* " Stqbilitat des Gefiiges def Eisenbahngleise" ; p. 236. 

t The results of a work by the Author based on the same principle and published, in 1S73, in the "Zeitschrift 
far Bauwesen ", " On the Motion of 4-wheeled Railway A'ehicles in Curves," exhibit a similar coincidence of results 
■yvith the experimental determination of v. Edckl. 

See tho " Organ fiir die Fortschritte des Eiseubahnwesens"' : 1881, page 261 j also ).8S5, Plate VIII. 



Le33 inaiiential Is (d) the conicltyy {or the incliniition of the surface of the tread 
to the wheel-axloj) (e) the radius of the wheel, and (/) the flange-clearance * 1'he shape of 
the flange-hollow at the fare-wheel deserves particular attention, because even with the most 
favourable shape of the flange the resistance due to the mutual action of the flange and rail at 
this wheel amounts to some 80 % of the total curve-resistance; and by a bad shape of flange 
this resistance may be considerably increased. All attempts to diminish curve-resistance by 
seeking the theoretically most suitable relative forms of rail-head and wheel-tread are, on this 
account, doomed to failure, unless they concern themselves directly with this fact.t 

The simplest means of reducing the amount of resistance at the fore- wheel, and its 
accompanying wear, is to lubricate the flange. 

The calculation of the curve-resistance postulates at the outset a knowledge of the 
forces acting at the circumference oE the wheel. Amongst these forces those are of especial 
importance which act parallel to the axle of the wheel, since they produce severe torsive 
effects in the rails, and bring about considerable alterations in the loading of the wheels. 
The extreme effects which these forces may produce are seen in 3-axle locomotives, whei'e 
the increase or deerease of the load on a single wheel, under the ordinary conditions of 
practice, may amount to 25 °^. 

In Locomotives th^se transverse forces acting parallel to the axles diminish the 
adhesion available for traction; and this is particularly noticeable in locomotives having a 
driving fore-asle. Thus, owing to this cause, at most only 80 % of the adhesion of the F. A. 
of a three-coupled goods engine is available as tractive, force. With this decrease of the useful 
adhesion is further associated a slide of the driving-wheels in the direction of the locomo- 
tive's axis. This slide increases as the effort of the engine increases, and the percentage 
of curve-resistance of the locomotive is proportionately increased. The curve-resistance of 
a locomotive is, consequently, always greater, proportionately, than that of the vehicles 
drawn by it; and is greater, the greater the tractive-foyce developed. 

Not only curve-resistance but also the abrjasion of rails and treads is enhanced by an 
increase of tractive-force in the locomotive's draw-bcir. On the other hand, the injurious 
action of the locomotive on the stability of the track decreases with an increase of the 
tractive^^fcrce, and vifie versa ; so that it is the light locomotive and not the hauling one 
which produces iu running through a curve the maximum stresses in the track. 

When the wheels are firmly braked the horizontal transverse forces acting at the 
wheels' circumferences almost completely disappear. 

For tlie rest, the following discussion fhows that the horizontal forces paused by 
the vehicle and producing torsion in the rails decrease as the curve-radius increases. 

A knowledge of the maguijindes of the transyej-se forces acting axially on the wheels 
during the uniform travel of the vehicle, and especially at the fore-wheel, has a particular 
importance for the Engineer engaged either in the design of track or in its maintenance, 
because these forces very sensibly influence the wear and life of the permanent-way; so that, 
for example, many lougiti^dinal-sleeper systenjs have completely fajled in practice siniply 
fvQin. tjieir inability to offer .sufficient resistance to such torsive effects. 

When running tl?rough sharp curves the direction of the vehicle's potation in tli.e 
horizontal plane is uninfluenced by its slight serpentine movement: and accordingly the 
.directions of the forces acting at the circumference of tjje wheel pemain unaltered. 

But when the vejiiclo runs through a. flat curve, or in the straight, then the forces 
acting at the circumference or tread of the whjeejs, parallel to the plane of rotation, change in 



[*Not3 the absence of gauge. Note also that when the traci>clearanoe permits, the H. A. stands radial and 
therefore rolls conically. It all the axles did the same there would be no " Curve-resistance." — Tbans.] 

[t This is doubtless an allusion to the writings of Wohler — see footnote, p. 38— on the relative shapes cf 
wheel-tread and rail-head, in which he advocated (unsuocessfnlly) the merits of a peculiar shape of wheel tiro 
proposed by himself. — Tbans.J 
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direction in defiuite intervals of time in consequence of tlie sinuous motion in the track; and 
they displace the axles of the wheels relatively to the vehicle's axis to an extent determined 
by the amount of the lateral clearance possible of the axle-boxes in the horns. This change 
of direction of the wheel-axles, and likewise the displaceability laterally of the vehicle's axis 
relatively to that of the track, exercise a very important effect on the travel of the vehicle in 
straights or in flat curves. 

On this account, therefore, the axle-box clearance in the horns and the flange- 
clearance in the track have been introduced into the following investigations in order 
to determine their effect on the vehicle's travel. 

Regarding the order of treatment in the following investigations, it is only necessary 
to remark that single free-running wheels and wheel-pairs are first discussed ; then the motion 
of the vehicle as a whole; and again this latter, both when running by itself, and when 
forming one of a train. 

In order to make as clear as possible the somewhat complex phenomena con- 
nected with the motion of vehicles in curves we begin with the condition of things obtainino- 
in sharp curves; and then- the relations between wheel and rail deduced therefrom are 
employed to determine the motion in flat curves and straights. 
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CHAPTER I. 
SINGLE WHEEL-PAIR ON THE RAIL. 

§ 2. 

Position of the Rolling-circle on the treads of the 
Wheel-tires. 

For the determination of the position of the rolling-circle and its radius, and of the 
amount of the slide-motion occurring at the contact-surface, we have firstly, the general 
geometrical condition that the rolling-circles of the 2 inner-wheels (rigidly attached to the 
axle) must lie in a conical surface whose apex coincides with the centre of the instantaneous 
rotation of the axle : we have also the known shape of the rail and wheel in contact, and the 
distribution of the axle-load ou the wheels. 

If the treads of the tires are conical, then all the points in the surface of contact 
not in the rolling-circle, must slide on the rail. 

Sliding takes place at those points lying in circles which are smaller than the 
rolling-circle, and in the direction of the vehicle's advance, or forwards : on the other hand, 
those points which lie in a circle greater thao the (conical) rolling-circle slide in the reverse 
direction, or backwards. 

If in Pig. 3, o. a and a^ ay represent the projections on the wheel-treads of the 
rolling-circles, and if the wheel-pair moves in the direction indicated by the arrow, then the 
sliding resistances at the wheelleft of a a, and right of a^ a^ act concurrently in one direction — 
in the Fig. they are shown as acting downwards — while those right of aa and left of a^ a^ 
act in the contrary direction, and are shown in the Fig. as acting upwards. 

Let the statical moniients referred to the wheel-pair axis — as shown in the Fig, — of 
these resistances be represented by 2 w, 2 Wi, 2 /^, 5 /ti ; and let M be the sum of the statical 
moments of the rolling-friction and of the journal-friction acting on the axle ; then v,'e must 
have 

2 "I + 2?>»i —2/* ^2/ti — if = 0, 

Let /be the coefficient of sliding friction; 
P, the pressure of the wheel A 

Pi „ )f » -^1 

a the mean distance of the surface of contact from the axis of the wheel at the wheel A 

«1 ,) >> >! >> >> >> >) 11 Ay 

Then 2w +2y^ = f P "■ 

2^1 4- 2/tii =fPi «i 
^nd consequently the above Equation of Bquilibriuin becomes 

2 2m -^ 2 2^1 =/P« +/Pjcxj + If. 

Now since M is so small that cgnipared with f P « and / Py dy it is negligible, we have, 
snfficiantly accnrately, from )the giyen conditions, 

2 Z^i + 2 »W; =? 2 //' + 2 A*t 



2m+2m:=/ ^°'^^^"' ' 



and 

If the axle moyes in a straight line, and if its centre coincides with tljat of the track, 

viz, a = dtp 

then 

P = Py 

and 

2m + 2^1 =/Pa = 2w^-^ 2i»; 

jyhence, 

?OTj = 2/f. 

2 



Now since, owing to the uniformiby of conditions at botli wheels, 

therefore 

"^ m = "^ fi 
and 2mi = ^Ati. 

Also, since the arms of the moments 5to and '^TOi, and "S, fJ- uTO-d 5 /^i, for the 
usual inclination of the treads of ^\j-, differ but slightly from eacli other, therefore for 
wheels of equal radius, rigidly fixed on an axle and moving forward in a sfcraighc track with 
equal flange-clearance, the rolling-circle divides the surface of contact of the wheel aud rail 
into two equally loaded halves. 

This position of the rolling-circle is maintained even when the load on one of the 
wheels becomes virtually increased by an impact which does not alter tlie position of the 
wheel relative to the rail. 

When the axle-middle when running in the straight does not lie directly over that of 
the track, then a is not equal to a^ ■ and the rolling-circles a and a^ do not lie any longer in 
the middle of the contact-surface. 

If, for instance, as in Fig. 4, the flange of the wheel A stands further away from 
the rail than that of A^, then the pressure on the contact-area is distributed in such a way 
that cc < o(^ and, assuming P = Pj, 

/P«</Pcxj. 

Now in rectilinear motion, a = a^, and thus a < a < cxj 

and accordingly Xin> %fi and 2 /^i > Sotj. 

Again, because S^i + S'Jii — "S, (jl + % fi^ 

or 2 wi — 2 /i = 2 /"•! — 2 »)*i 

,, , l.m — 'S.fi Ifj-^ — lmi 
therefore 5 — ~ = ^ . 

These last expressions are the moments of the f rictional resistances which act on the 
surfaces of contact between the circles « and a, or a^ aud a^, respectively. 
Consequently, from Fig. 4 — 

if fP^<fP^a^, 

the rolling-circles a and a^ both lie to the right of and close to a and ocj respectively. 

Further, from the relation between 2 m, Swj, Syaand S/^i if the shape and the size 
of the contact-surface of both wheels is the same — which it may be assumed to be, so long as 
the wheels rest on the conical face of the tread — we see that the distances represented in 
Fig. 4 by « aud «i coincide with one another. 

Consequently, „ _ „ _ ° + "i 

a — ctj — ■ ^ . 

If the conicitv of the tread in contact be — > 

•' n 

then z = {a— a)n = -^ — n. 

And since ——^ — n is the displacement of the wheel-pair relatively to the track centre- 
line, therefore a lies at or in the edge of the contact-area when this displacement amounts to 
the half-width of the area. 

In this position of the wheel-pair relatively to the centre-line of track 

2/4 = 
and %m=fPa. 

Thas ' 2mt =/P °^ ~ " S^i 

and has always a positive value, i.e., the rolling-circle cannot fall outside the contact-area of 
the wheel for which P a is greatest. 



Kg. 5. 




Fig. 6. 
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When tte displacement of the wheel-pair relatively to the track's centre exceeds the 
wiafch of the coniact-area of wheel A, thea the rolling-circle a no longer lies in the contact- 
area of the wheel. 

Now since the width of the contact-area of the wheel is generally less than the 
flange-clearancej iu rectilinear motion of the wheel-pair a complete slide of that wheel can 
occijr at which Pa. has its minimal value. 

The same conditions obtain when the motion of the wheel-pair is not rectilinear but 
c'lrved; and also if daring this motion there is a displacement of the wheel on rail in the 
direction of its axis. 



§3. 
Pressure on the Area of Contact. 

Owing to the rounded shape of the rail-head the pressure on the contact-area is 
distributed in such a way that its intensity increases up to the middle thereof and there 
attains its maximum. 

Let Pig. 5 be a horizontal plan of the contact-area : let T be the axis of co-ordi- 
nates in the line of the rail, and Z the axis in the line of the axle. 

Also, 

let E be the radius of curvature of the top or table of the rail-head : 

r, the radius of the conical surface of the tread at the heaviest loaded point : 
u, the compression at any point in the contact-area of the rail-head ; 
a u, the pressure at this point. 

Then the load dP on an elemental strip of area of width 2 Zj and of heio-ht cly, is 

z = z^ 

dP = 2 dy [ dzau. 



z = 



If we assume that the elastic compression of the tread is the same as that of the 
rail-head, and referring to Fig. 6— which represents a vertical section perpendicular to the T- 
axis through tire and rail at the distance y from the middle of the contact-area, and where 
X has the value of 2 u for the point z = o,y = y, in the contact-area— we have 

X ~ V 

and z2 = 2 2a y — ■w", 

or, sufficiently approximately, z* = 2 Ev; 

'^dv 



and consequently, dP = 2d y\ r~~~ . 



I — V 
—. — a, 



~3 V 2" 



3 



x^ dy. 



Let a-Q be the maximal value of x at the centre of the contact-area; then referrina- 
to Pig. 7 — which represent the vertical section through tire and rail in the direction of the Y- 
axis — we have the equation 



\ 



X =■ 



J as = Kg 

in wh'ch x = x^ — i\, and y^ = 2 it\ are to be inserted; and we thus obtain 

P = ax J -A /^f. 



(1) 
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The co-ords, z^ and y, of any point in the curved boundary of the contact-areaj 
Pig. 5^ are connected by the equations Zj* = 2 3£l«, and y^ = 2x (aiQ ~ *)• 
Consequently, this curve is an Ellipse, of. which the equati^u is 

2EXo '^2xxo 
and its area is 

F==2ttx, a/^^- 

Whence we obtain for the pressure at its middle-point 

Xg 2 P 

Po == « ^ = ^p- 
The assumption on which this deduction is based, i.e., that a is constant, is not 
exactly true j because the compression of the more-heavily loaded points in the contuct-aiea 

tends to modify the compression of those less-heavily loaded. 

2 P 
The pressure in the middle of the contact-area is therefore greater than — r,-, F 

being the actual size of the contact-area. 

Consequently, we have 

2P 

where m is a coeflBcient which depends on the material and make of the rail and tire, and 
which is greater than unity. 

Numerical Illustration ; — 

In an article in the "Organ fur die Fortaohritte des Eisenbahnwsens : " 1886, jage 58; F is ghown to be 

2'64 qcm. when P = 5500, leg : and in another instance where the wheel-load P = 3750 kg, F = l-^GQcm* 

2 5500 
Therefor^ in the ftrst cage, Po = m- ' „. = m i'^0 kg, 

\ ^.1. ^ 2.3750 ,,„„, 

^Tjd the second, Pp = m. = 771 4500 kg, 

Therefore in these instances the iron rails wore stressed in the ooulact-area beyond the elastic limit. 

If the treads are not worn, then J" is a minimum. 

For exapiple, on the Lehigh Valley Railroad, with newly-turned -up treads on worn rails, a contact-area of 

width in the 4irectiDa of the axle of r-^ inch was observed {Railroad Gazette: 1882, page 787). 
As the length of the contact-area in the direction of the length of the rail was certainly Lpt more than 

r^ iuc}i> tJie oontactrafea W3,3, in this instance much smaller thjin in the above. 



How far the wheel-load affected the question is not determinable from the Paper. 
From Eqn. 1 we have 

2 



2 V 27rav/3ar' 



If with a wheel of radius r, running on a raij of which the top or ta-ble-puryature is 3S 
under a load JP, Po JP *o 'h&YQ the same magnitude as with a wheel of radius ij, on a rail of 
table^curvature of radius JSj, under a load P^, thei^ with equal crpss-sections of w|ieel-tira 
and rail^ and the §ame material, \ye mugt haye 

P Px 



DV 

and if 
then 



\/Er 


v/miii 


V ja 


- bV X,-' 


m 


= 3a, 


I 


-Pi /r 



(3) 



{Sd) 



If, g,s is assuijied in the above, the wheel-tread is conical, sp tjiat a plane passing 
through the axis of the wheel cuts .the contact-surface in a straight line, then the mao-nitude 
of the rajdius Jfil provides us with a measure of th,e degree of contact of the unloaded wheel 
with the surface of the rail in the plane of the cross-section of rail and tire, as represented in 
Fig. G. 



qcm ' 
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i3ut if the original surface of the wheel-treafl is hollowed bui by weat) theh, in addi- 
tion to the curvature of the rail-head, the curvature of the wheel-tread at the contact-surface has 
to be considered in its influence On the degree of contact of the two surfaces. 

Now it is always possible to imagine the head of the rail as having at the point of 
contact a curvature of radius H such that the curved rail top approaches the (curved) 
wheel-tread— ^in the transverse cross-section — aS closely as it does in Fig- 6, where the surface 
of contact of the tire is bounded by a curved line, not by a straight one. Then the Eqns. 1 
2, and 3, hold also for the hollow-worn wheel-treadj if 3S stands for the imaginary value in 
question! 

When a wheel of radius -x bearing a load P runs dn a rail of given cross-section, then 
by weai* a contact-surface is formed of a definite concavity ; and the degree of this concavity 
depends on the curvature of the rail-head, On Tj and on P, and corresponds to a definite magni- 
tude of Pq dependent on the material of the wheel. If another wheel of radius x^ under a load 
Pi runs on a similar I'ail, and if the wheel be df the same material as the first, then its 
l-unning-surface acquii'ds a different concavity, but Pg has still the same magnitude as before. 

The values of IS and H.^ cOirespdnditig respectively to these two concave running- 
Surfaces stand to one another in the ratio shown ih Equ; 3 : and, assuming the running- 
surfaces of both treads to assume through wear the same crosS-section, then the following 
equation holds ; 

'. = '(?')■■ 

For example ; in oirdet that a tread of a wheel loaded with 6580 kg: may not Wear itlore hollow than one df 

50 cm radius loaded with 5303 Icj. the radius of the former must bej 

„/0500\"- em 

'•'='50(goo-oj =86 . 

Both these whetils could Ihcfa run on the same rail without interfering with each other's action in the wearing- 
down of the rail-head; and ii„ with newly-tumed-up treads would, in both instances, have the same 
magnitude;* 

It may happen that the trdads of wheel-tires are not df the shape which would result 
from their continuous- wear under the particular wheel-pressure acting at the moment, and 
in that case pg is either smaller or greater than if the running-surface of the wheel-treads 
had the worn shape correspondiug to this particular or momentary wheel-pressure. 

The first case would occur if a tread worn down under a load P tan for the time 
being under a load Smaller than P. 

The Other case represents the usual conditions of things in practice when we have 
fully-loaded wheels and newly-turned-up treads; and especially when running on new rails; 

For equal radii and different talues of Pg we hate, frOm the above expressions, 

where U, pg^ find F. and 3Ri, p'o, and F^, respfectively, represent ccfrrespdnding connected 
lvalues : 

Numerical Example r — 

Put F = l-'>&10"i, »„• = ni 4SO0 hg, F^ = 2-f)42OT, j'^ = „ 4200 leg, cdrreSpoiiding to the pre- 
viously cited experimijntal lesnlts; then 

Hi •= 3-7 U: 

Whence ive niay odnolude, that the funning Or contact-surface of the experimental wheel 
Idaded with 5500 hj; suited or fitted the rail-Kead ih. the proportion of 1 : 3*7 bfetter than that of the 
wheel loaded with 37C0 Icij, 

The ratib' o'f the length td the breadth of tho elliptic area of coiitact is determined 
from the relation of 3> to r. 



* Agreeably with the above we find that the normal diameter of the vehicle wheels of the Prussian State 
Eailways is 970""", and that of the driving-wheels of the passenger locomotives, 1730"™. The trailing-wheels 
of these Engines loaded with about 6400 kg. have a diameter of only 1130™m, and must therefore wear more hoUoT? 
iff iT(, has the same value as it has for the wheel of a vehicle; 
3 
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From the preceding it is seen that the greatest width of the above area ia the length 

/H 

of the rail is 2 !> J = 2\/2ra;o,and crosswise it is 2 6 = 2 \/2 3S.a;o : consecjuentlj, h= h^^^ -- 

Namerioal Example : — 

L.et r = 45'"" ; and for new wjieel-treacls on new rails, lot il = 22'5 j 
then 

It is increased by wear. Pnt g = r = 45"", or Jl = 2r = ^JOc"" ; then i = bi, and t = 1*4 6^ 
respectively. 

Concurrently with snph an increase of the breadth of the area the marximal pressure thereon, 
by Eqn. 2, would diminish. 

When a vehicle runs through a curve, the leading F-wheel does not roll on the conical 
surface of the ■wheel-tread, but — as will be shown later on — i>i the fiaugp-hollow- A vertical 
section, parallel to the axle, through the middle of the area of support gives the curve-line of 
the flange-hollow, as represented in Fig. 19, of radius r, the If^teral rounding of the rajl-head 
top being curved to a circular arc of radii^s p. 

In order to make use of Eqn. 2 in calculntiog Pg in this area of contact, we must 
first ascertain the radius of that circle which in the neighbourhood of the point of contact 
deviates just as much from its tangent as the circle of radius p does from the circular arc of 
radius r. 

This radius is, approximately(i', 

r—p 

If the radii H^ r, and p satisfy the above relation then, -wheji the wheel rests on the 
tread, the wheel-load F produces, approximately, the same pressure Pg as when supported 
in the flange-hollow. 

With new rails p = l4,»""; apd for the normally shaped flapge-hpllow of the Prussian 

Bailways, r = 15""«. 

Consequently, 

,j 15x14 „_ 
M = — j = 210'""'. 

To obtain r from 3S and p , we have from the above equation, 

^ p2 196 

r = p + -J- — r= 14 -f- 



Whence we see that r varies but slightly with 3£l. Giving to 301 the value of the radius 
for new rails, we obtain values of r only slightly differing from 15'"'"- Whence, as regards 
the distribution of wheel-pressure, the rounding of the flange-hollow to a radius r = 15""" 
corresponds under all circumstances to that of the rail-head of p = 14"""", when and if the 
Burfapes touch in the particular manner here assumed. 

This relation between p and r with new rails is, in practice, of theoretic interest only, 
Binco it is rapidly altered by a few millemetres' wear. 

Examining the increase of load over P, on the flange-hollow, arising from the 
horizontal curve-pressure during motion in curves, it would be found that the preceding con- 
eiderations would yield a result only differing from the abpve in ji very insignificant degree. 



(I) This formula is derived thus : Suppose the T-axis gf a system of rectangular co-ordinates in oontaet 
with circles of radii 1, p, and r, at the origin : and determine, at the distance y from the x axis, firstly, the deviatiOB 
of tlie tangent of the circle ft from the r-axis,- and secondly, the deviation of the tapgeuts of the cifcles of 
radius r and p from one pnother. 

Equating these tangent-deviations we obtain, 

r ^ Y Y_ 

Jl - ffii p — its '' - *s' 
Substituting for x^ sc^ x^ the values obtained from the appropriate equations of the circles, and neglecting the 
value.! oE x and y negligible compared with H r, and p we obtain, approximately, 

?--p 



n 

§ 4. 
The Resistance due to Rolling-Friction, 

The energy to be expended in giving a wheel motion for any distance along the rails 
is proportional to the path described. It is used-up partly in overcoming the sliding-friction 
in the contact-surface, and partly against the rolling-friction. 

The resistance of rolling-friction is a result of the displace ment and plastic com- 
pression of the material at the contact-suirface^ and also of tbe elastic deformation of shape 
of the wheel-tread and rail; and it may be assumed to be proportional to this latter. 
Representing the resistance of the rolling-friction by ijjj and the energy expended petr 
second in deforming the rail and wheel-tire by 3, the velocity of progression of the wheel by 

V, and by ' — that portion of ^ wTiich is partly consumed in the destruction and permanent 

m 

cliange of shape of the material ai; the common working -surfaces, and which partly disappears 
in its elastic extension — ^because the compressed surfaces only completely resume their 
original shapes when the action of the compressive force ceases^ and the energy set free in the 
squeezing-out is therefore but partially available as a source of impulsion for the motioa 
,of the wheel — then 

m m V 

J^or^— referring to Fig. 8 — we have the followiag expression-.— 



t7=4| \dz au du= \2au^ dz. 



If M = " < and K ^ = 2 3S V, be inserted, 



SI R / T^ 



5_ 

2 "" 
and from Equ. 1 

m. UP* 



T7 — 16 115. 

V 15 2* TT^a^E'r* 

Whence it follows that ■= for given values of P, %, and r, increases with the compressi- 
bility of the material of the rail and wheel. 

This agrees with the fact that the resistance of yolling-friction diminishes in pro- 
portion to the hardness of the material, 

JTurther, from Eqn. 2 it follows that 

V 

In this expression the factor -y^ 
®ross-sections of the rail and wheel-tire. 

Eepresenifeing tiiis factor by fci we have 

And putting 
then 



16 Po^ P 
]57ra^ v/^ 
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For the lever-avm of the rolling-friction we have : — 

B=-.k^x (7) 

and for its coefficient of resistance : — 

>"=7? ''' 

This was the frrni ia which the resistsince of rolling MOticta was firsfc expressed by Dupnit, who gave for 
iton on iron, k = -0007, '" 

Experiments were made by Poiree and Wood to evaluate the coefficient lu,- Wood allowed single 
■Wheel-pairs to ran of themselves down a straight descent, and meaanred the space passed over in kncrwn intervals 
of time. The experimental wheels were -S?™ in diameter, and the maximum velctoity attained was 4" per second.- 
The experiments gave values for lUj lyiftg between •001 and -OOiei 

Aasnming with Wood that tie lo-w&f valrfe '001 be the correct one, we obtain lor the! coefficient : — 

J; = -001 v/-435 = -00066. 
But in the above valne of m^ = '001 ia included the sliding-frictional re^sistance— unavoidably present iti the contact-- 
area — together with the resistance arising from the serpfentine tnotiOn of the wteel-"pair. 
Consequently, this value of J; = •00066 is too large. 

Poiree proceeded in a similar manner to determine the influence of an increase* tff the diameter of wheel 
from •9"> to 1'2™, 

His experiments were carried out (in 1850) on a level straight. He employed a dynamometer and a 
velocity of 3»> with a wheel-load of 3 tonnes; and found w^ = "00091, when 2 r = -Qm . and lUj = '00075, when 
2r = l'2™- Whence — neglecting the fact tha)t these coefficients are influenced by the stiding-frictjon — we have' 

Ic = -0009 V ^ = -00060, 
and it = -00075 -/^ = -00058 . 

The discrepancy of these values of Ic is to be attributed mainly to the fact that the resistance of sliding-friction 

in the contact-area, as also that dae to the deviation of the vehicle's path from the stra,ightj diminishes as r 

increases; thus for r = -45™. it is greater than when r = -6i»v The value o'f Jc above found yields the following 

values of S ; 

Wood. Poiree. 

r = •435m. r = -45'". r = -60». 

8 = -000435™. 5 = •000405'". S =-000-1.5">, 

Aeeording te Grashof,'^' for railway vehicle wheels of about -5™ radius^o vari^ from -0005»' to -00055™. 



(I) Conche : — " Voie, materiel roulant, el exploitation technique des cheniins de fer :" Vol. 3, pp. 602 — 6C7, 
Aeeording to DupUit, fcfor metalled roads is '03 : for wood on wood, -0011 : and for iron on iron, •0007. The fearlierj 

expieBsion 6f CJ^oulomb for this cotefficieiit ia of the for*! njj =-, 

(2; Grashof — " Tieoretiteclie Masohinenlehre : " Vol. 2, page 297. Tte le-^e#' arm 5 given by Cotilomb, Eoh 
deltet, Poncelet, Pambour, Rittinger, VVeVsbach, and others, is 

1. For cast-iron rollers of about -S"' diam. on iron rails, ;5=-4S™»'. 

2. Railway vehicle wheels of about l"" dian*. on caSt-i'ron rails,' S = -5»^ to -'oS'"'"'. 

3. For caat-iron rollers on a granite road, 5 = 1™™'. 

4. For wooden rollers &n chisel-dressed stoAte, 8 = l'3»"n. 

5. For wooden rollers on wood, S = "o to l-5»"». 

tfere Grashof 's remarks on the nature of roUing-frictioa are worthy of tfotJc'e. He says, § 81 ; — ^tJp to the' 
■^ present it has been usually considered Satisfactory to explain rolling-friction as a consequprice partly of the roughness' 
"of the surface, and partly of the deformation of the roller and of its track brought about by the action of the vertical 
"pressure p. Thus the rolling motioA is a succession of overturninga, that is, of rotations about axes, which in 
" the direction of their senae or sequence (of overturnings) atlmost coincides with the momentary line of direction of p.- 
" Meanwhile an exhaustive experiiiiental investigation into the nature of this resistance has been carried out by 
" Professor OsboJn Eeynolds iii 1875. 

" According to this investigation rofling-friotion consists mainly of relattve sliding movements ; and conse- 
"quently this resistance is to be regarded as identical in /cindTvith friction, strictly so called." 

This view which contradicts the fundamental postulates on which our investigations of lu, ia based, is not 
supported by the conclusion deduced by Grashof and others from these experiments of Reynolds. 

On the contrary, these experiments serve, with the assistance of quite unexceptionable data, to support thtf 
view of th« nature of rolling-friction which Reynolds ia supposed to have discredited.- 



fig. 8. 
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§5. 

The Resistance arising from tFie Slide at tlie Surface of 
Contact during Rolling. 

It Las already been stated that the conical shape of wheel-treads causes a slide or 
skid at all points of the contact-surface not lying in the running-perimeter, wherever this 
latter may be at the time. 

If this rolling-circle happens to lie in the middle of the contact-surface and if z^ 
is the distance of the resultant of all the frictional resistances lying on one side of the rolling- 
circle, then the moment of these resistance is 

If, on the other hand, the rolling-circle lies, as shown in Fiff. 9, in the position a a 
at a distance c from the centre of the area, then the moment of resistance is 

M,=M+2f3^ic-z), 

where p is the sum of the resistance lying between a a and <x a, and z is the distance of their 
resultant from a a. 

The expression for the length of the lever arm Z(, is given — on the assumption that 
the coefficient a is constant for all points in the area — by the following expression : 

^0 ~ fc — 1/2 BR Xq — about -q •• 
and therefore. 

Consequently, to overcome this moment a force acting in the axis of the wheel is 
requisite, namely, 

nx 3nx ' 

where - is the tan. of the angle which the contact-surface makes with the axle, i,s., the 
n 

conicity. 

The resulting Coefficient of resistance is, therefore, 

Nomerical Example : 

If b = •&cm, f = -25, n = 20, and r = i^cm, 

then nr. = . ^ 



18000 



In the above expression for #1 the second term may be regarded as a part of M 
dependent on the position of the rolling-circle relatively to the middle of the contact-area ; 
■consequently it can be put into the form 

M , = Jlf (1 + 6) ; 
where e is a coefficient depending on 2. Finally, we have the more general expression for the 
■coefficient of friction iUg corresponding to M^ as follows : 

1 -t- e „ 1 +e ,, 

too = 7i ^ = T, JO 

2 nx P '6nx •' 

U»j| — "•• ••- ••• ... ,.. \lt) 
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§6. 
Resistance of Wheels in tlie Straight. , 

The friction occurriDg during the motion of a vehicle is expressed, consequently, bj 
the coefficient, 

to = $»i +1X12 

in which expression /<; and D are independent of r. 

"When vehicles are in motion, in addition to the resistance occurring between the 
wheel and rail, there is further to be taken into account the work done in causing th& 
rails and sleepers to deflect and oscillate, and in the elastic compression of the ballast : and 
there is also the resistance arising from the swinging or meandering motion of the axles. 



CHAPTER II. 
THE MOTION OF 4-WHEELED VEHICLES IN CURVES. 

§ 7. 
The Position of a Vehicle in a Curve. 

It has already been pointed out that the motion of a vehicle in a curve is always 
associated with a rotation about a vertical axis, and that this rotation increases uniformly with 
the curvature of the path. The force operating this rotation is only in a very small degree due 
to the tension of the couplings ; it is mainly brought about by the mutual action of the wheels 
and rails on each other : and the magnitude and direction of this action are the more definite 
and pronounced the severer the curvature of the track. 

For this reason it appears desirable in the following discussion of the laws governing 
the action of the forces between wheel and rail — which forces depend on the type of vehicle 
arid on the character of the track — to take as the starting point of our investigation the 
condition of things prevailing in sharp curves. 

It is of course understood that in doing this we shall neglect the unavoidable 
disturbances of uniform motion arising from defects in track and in the vehicle, and from any 
other chance sources of irregularity. 

When a vehicle moves on the rails in the direction of its longitudinal axis with a 
velocity V, in a curve of radius R, it rotates at the same time with a velocity ■— about an axis 
perpendicular to the direction of V and inclined to the vertical at an angle equal to the 
superelevation of the outer-rail. The position of the rotation-axis of the vehicle is determined 
by the following considerations— which apply to a 4-wheeled vehicle having parallel axles. 
Omitting for the present from consideration the influence of the forces acting through the 
couplings at both ends of the vehicle when running in a train, and assuming that the 
superelevation of the outer-rail is that exactly proper to the velocity Fof the 0. G. of the 
vehicle and, consequently, that there is no surplus force to bring about a lateral displacement 
of the vehicle neither in the centripetal nor in the centrifugal direction; then the position of 
the vehicle depends solely on the action of the forces acting between the wheels and rails. 

Imagine the resultants of the forces acting on each individual wheel to be proiected, 
on the horizontal plane perpendicular to the rotation-axis of the vehicle, and these forces 
again resolved in the direction of the velocity and at right-angles thereto. We obtain thus 
8 forces which, under the above suppositions, are in equilibrium. Let it now be assumed 
provisionally, that the 4 forces lying in the direction of V are in equilibrium. Then we have to- 
deal solely with the components lying in the direction of the (projected) wheel-axles. 



Fig. 10. 




Fig. 11. 




Tig. 12. 
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In Fig. 10 let «6 be the projection of the P. A., cd that of the H. A., and A B 
that of the vehicle's longitudinal axis. Then we have to determine whether the rotation-axis 
of the vehicle lies in front of^ or in the P. A., or between the two axles, or in the H. A., or 
behind it. These positions are indicated in the Fig. by N^, N^, Ng, N^, N^. 

If we now examine what the displacements of the 4 wheels on the rails must be if 
the rotation-axis lie in N^, N^, or N^, then it is clear that the rotation-axis cannot lie in any 
one of these points if the vehicle's rotation is to be brought about solely through the action 
of the forces acting in the direction of the axles a b and c d — which is our starting assump- 
tion. Consequently, the above are inadmissible as rotation-axes, and the points Hf^ and N^ 
are the only possible ones. 

If Ng be the rotation-axis of the vehicle lying between the F. A. and H. A., then the 
wheels are compelled to slide in the direction indicated by the arrows — Fig. 11— which on 
the initial assumptions is only possible if the P. A., a b, runs against the outer-rail and the H. A., 
c d, against the inner. 

When N^ is the rotation-axis, viz., in the H. A., then only the F- A. moves, and that 
in its own direction, as represented in Fig. 12. 

The points N^, iV^ are the feet of the perpendiculars dropped from the curve-centre 
M on to the longitudinal axis of the vehicle. The rectangle abed rotates about these points 

in both positions, with the angular velocity -^, and at the same time the wheel-pairs slide in 

the direction indicated by arrows in the Figs. 11, 12. 

Now suppose — Fjg. 11-^the inner-rail to be gradually withdrawn from the outer-rail 
— ^in other words, the gauge to be widened; then the vehicle-axis assumes a new position 
relatively to the axis of the track, the point iV"g moving closer to the H. A. until this axle 
again runs in contact with the inner-rail. If this enlargement of the gauge be carried still 
further until iVg reaches the H. A. — the position Fig, 11 thus becoming that of Fig. 12— 
then the flange of the inner H. -wheel becomes tangential to the inner-rail, and the H. A. 
stands radially in the curve; under these circumstances it is then solely the P. A. that is 
deviated axially by the pressure of the outer-rail. A continuation of the enlargement of 
gauge produces no further change in position of the H. A. 

Whether the H. A. stands radial, or whether the rotation-axis lies in front of the 
H. A. depends — on the above assumptions — only on the magnitude of the flange-clearance. 
Let a represent this clearance, and d the wheel-base of the vehicle ; then 

when o" -s. ^pp , the H. A. stands radially ; 

d^ 
and when o" < tt-b > ^^^ rotation-axis lies in front of it. 

These conclusions regarding the position of a vehicle in a curve are based on the 
assumption that the resolved forces acting between wheel and rail parallel to the longitudinal 
axis of the vehicle, and the tractive force in the couplings, have no influence on the position 
of -the vehicle. Actually, this condition of things seldom or never occurs. In most instances 
these forces — here omitted from consideration — are the very ones which do decide the actual 
position of the vehicle ; and this is particularly the case in flat curves. In such curves from 
the action of these forces and without any assistance from the pressure due to the running-in- 
contact of the inner H. -wheel with the inner-rail, it is possible for the vehicle to rotate about 

d^ 
an axis lying between the P. and H. Axles even though crbe > -^ . 

It is also quite possible under the action of the above forces that the rotation-axis 

* . . ' d^ 

may lie behind the H. A., if the vehicle runs through a sharp curve in which o- > ^^ . 

But in the following investigations these exceptions to the rule above given may be 
neglected without noteworthy influence on the correctness of the results. 



m 

§ 8. 
The Sliding of the Wheels on the Rail. 

Owing to tlie running of the outer F-wheel in contact with the outer-rail and to the 
ajccompanying displacement of the axle's middle relatively to the track-centre, the apex S of the 
rolling-cone of the F. A. falls in both Figs. 11 and 12 on the concave side of the curve; while 
for similar reasons the apex S^ of the rolling-cone of the H. A., when in the position of Fig. H 
always falls on the convex side. But for the position of the vehicle represented in Fig, 12 
the position of S^ depends on the amount of the flange-clearance a; and it may lie either on 
the concave side or on the convex. 

The distance of the rolling-cone apex from the axis of the vehicle varies with the 
•change in position of the axles relatively to the track centre. 

The motion of the vehicle's F. A. about the centre of the curve can be resolved into a 
rectilinear motion of translation in the line of the axle, and another of rotation about the point 
as centre, — see Fig. 1 1, where is the point of intersection of a straight line through the 
curve's centre 31, .parallel to the vehicle's axis, with the prolonged direction of the F. A. 

The velocities of these motions are dZ3 and rs, respectively, where w is the angular- 
Telocity of the vehicle about the curve- centre. 

Were the F. A. completely free it would not rotate with the velocity TS = ^ , nor 

V 
would it rotate about the point ; its rotation would be conical, with the velocity — 

about the cone apex S, and it would thus be greater than the actual rotation by the velo- 

V V • . . 

«ity A —• -jj. But since the axle, by its connection with the vehicle, is compelled to 

rotate with the velocity W, the F. A. wheels must slide longitudinally on the rails with a 

resultant velocity, sA — Vsl „) ... ... ... (10) 

in the direction of the longitudinal axis, if p be the height of the rolling-cone, and s the dis- 
tance apart of the centres of the F-wheels' contact-areas, i.e., of the rolling-perimeters. 

Omitting now from consideration the influence of the contact-surfaces on the position 
•of the slide-paths thereon, and assuming the whole wheel-load concentrated at the centre of 
the contact-surfaces, then the slide-path of the individual wheels is obtained as follows. 

Because both wheels experience the same displacement dw in the axle-direction they 
likewise participate equally in the velocity s A, i.e. if wheel-load and wheel-radius are the same 
for both wheels — what is here presupposed. Each wheel slides, therefore, on its rail with the 
resultant velocity 



ia = \/ {dxs)^ + {—-^ (11) 



The radius p is given by the following, — see Fig. 13, in which r and r^ are the 
radii of the rolling (cone) circles : — 



r — r 





r + r^ 


_ 2 ■\ 
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r + r. 
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X 8 



•whence 

and if we put x for 

then P=';rzr7 (^2) 
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K when the H, A. is radial, and a = the Mat clearance, l = tlie atilOTint of clearatiee 
between the outer-wheel flange and the outer-i*ail, and a= {a — h) that between the inner-wheel 
flauge and the inner-rail; then if r and i\ be the radii of the inner, and outer-wheelsj res- 

J)ectively, and - the conicity, their difference is 

a- -2b 



n 
nx s 



whence, pj = ^— =- ... ... ... (12a) 



§ 9. 
The Horiitofttai Pressure &f the Fore-wheel against the Rail. 

If a wheel-^air in steady motion occupies thfe position outlihed in Fig. 14 ; and if 

c = Telocity of the slide of the wheels in the line of the vehicle's motion 
i.e., longittidinally : 

K = pib, the velocity with which they slide axially, i-.e.j across the rails : 

P= the wheel-load ; /= coefficient of sliding friction : 

K^ the component of the sliding frictional-resistailce fP coi^responding to 

the slide velocity c : 
G i= the component of this resistance corresponding to the velocity V : 
then we have from Eqns. 10 and 12a : — . 

F/ o- - 2 6 s\ 

'=-2\.-^^-b) (12&) 

and from Fig. 14j 



V/C2 +«S 



and G=fP 



Substituting iti tkese expressions the abOve values of 6 and jr, we ottain 

1 / Rff -2bB _ \ 

2 V nx / 

V A^Tx — V 

a^fP •. -^^^.. ^ .,^ =^. (14) 



y,T7|(^LZ^Airry 



These eqttatioils will dlso give the values of K and G iov the particular position df 
the vehicle showti in Fig. 11, if we put for the F. A. ^ = m, 6 = ; and fdr the Hi A. p = — 2, 
h — (T. To adapt thdse eqiiatioris to the position of f ehicle i'epresented in Fig. 12, — H. A* 

1-adial^we must put p = di alia b ^ 0, for the Fi Aj afad p == and h = ^, for the H. A. 

Whetl the vehicle runs through a curVe with the outer F-wheel ahd the inner 
H-wheel against their respective rails it is at these toheets albne that the fOrces originate 
which produce the vehicle's r'otation about a vertical axifei These forbes act in the line of the 
axles, and in such Wise that the oilter F-wheel, and the inner H-wheel continue to mount, 
by means of the flange-hollow, on to the round corner of the rail-head until the contact- 
feui'face reaches such an inclination that the wheel-load overcomes the resistance supporting 
the wheel in this position on the rail, with the result tbat a continuous slipping or slidinsf 
downwards of the wheels on the rails lakes plaeoi 
5 
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The magnitude of these forces acting at the wheels and effecting the rotation of the 
vehicle, is obtained from Bqns. 13 and 14 thus : — ' 
In Fig. 15, Ta is the effective pressure of the outer F-wheel; 
consequently— Yad + K^s + K^s — Oid = 0: 



therefore 



T,= G,-K,^-K,~ 



The value of K^ is given by Eqn. 13, by putting b = cr, and p = — q. 

Consequently, 

Fore A^le, Hjnd Axle. 



V— iCI^--0^' V^^-K;^-) 



(15) 



In the above. 



Pi>'n'i!^i> refer to the F. A. 

■^2J '*2» ^2> >' 5> ■'-'-■ ^-' 



When the H. A. stands radially, so that q — o, and vi = d, then instead of the abovo 
Eqn. 15 we have 



Fore Axle. 

S / R a- 
a — -7^^ 1 



^6=/^^ / 



2dV 



iia- \ 



,79 l/ifcr \2 



Hind Ax'e . 



•' ^ d 



(16) 



The minus sign iu the last term holds for the case in wliich — as in Fig. 12 — the 
apex Si lies between the jnner-rail and the centre of curve. 

The value of q to be substituted in Eqn. 15 is given by the relation— obtained 
from Fig, 15 — 

(d_g) 2_g2 ^^ 



2 R 2ii! 
d Bo- 
2=2-^ 

The minimum value of B cr, i.e., when q = Q, (viz., H. A. radial) is therefore 



(17) 



R'r=~. 



(17a) 



For Passenger vehicles, and Goods waggons and Secondary-Line locomotives of the 
Prussian State Eailways v/e obtain by means of the above the following Table : 



Vehicle. 


d. 


for q = 0, 


Passenger cars 
Goods waggons 
Sec. -Line locos 


5« 

Am 

2-5» 


■ 12-S 
8-0 
3-13 



li Ba- continuously increases beyond its value for which q — o, then theH. .A . rolling-, 
cone apex lying on the convex side of the curve removes itself to infinity, and afterwards 
appears on the concave side of the curve : and for a certain valu« oi 7? o- it coincides with the 
curve-centre M. 

This value is given by the condition that /jg = R: 
Now by Eqn. 12a 





f'2^2 * _ ""a ^2 * 




'^2 ^ 0--2& a- - d-' 




E 


and consequently, when 


p^ = R 


then 


R<T = d^ +«2.r2 s 


and for this value of B a, 


0^ and K^ = 0, 



(18), 
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The following Table exhibits the value ol Rcr givea by Eqn. 18 for different vehicles 
and data given therein. 



Vehicle. 


d. 


«2 


I'a s- 


p,=R 
ior Rff' 


Passenger cars 
Goods waggons 
Sec. -Line locos. 


5» 

4» 
2-5'» 


20 
20 
20 


•485™ 
•48o» 
•o35'» 


l-o™ 
l-S™ 


39-55 
80-53 
22-3 



Tbus we see that the magnitude of Rcr determines the podtioio of the H. A. and of the 
position of the apex of its rolling-cone ; and consequently also the value of K2 ; and this 
magnitude must therefore be carefully considered when calculating definite values of Y from 
the Equs. 15 and 1 6.. 



Thus wh.en 



On the other hand, if 



E<T <— then ? > o i 



"2 < " ;- and ris to befouncl from Eqn. 15. 



< o\ 



^^14^, 



and JTj < oj 

1 



then 

and 
or 



c is negative, so long as p^ is negative 
c is positive and > B 



•Conseqnently, if 5- = K"- ■^^ (<*' + "s 'a *'' 



r is to be found from Eqn. 16, and th« second term 
is to be taken positive. 



If it happens that 

then 

^nd 



B<r = jr + n,_,r^ 



R 
= R, 



and then e'ther Eqa. 15 or 16 will give Y, neglecting 
the second term. 



Finally, if 

then 



J!<T> d^+n.r^s-) 

»j =0 I 

>-and Fis to be found from Eqn. 16 with the minus sign 
'^i -^ " I bel'ore iht! second term. 

If we represent the curve-radii R as abscissoe and above them plot the correspond- 
ing maxima and minima values of the flange-clearance^ a; as ordinates, then we obtain the two 
line A A, and B B, represented in Fig. 16, which are 15""" apart. Again, similarly plotting off 
at these radii, the values of a- which, for the wheel-bases given in the two preceding Tables, make g 

d^ 12'o 
and K^ each zero, [for example: — when c? = 5™ , those given by the Eqns., o- =^p= — p^, 

andcr = 



d^ + Uor's 39-55 



-p. — -p - we shall obtain the curved lines in the Fig. lying between 

A A and BB. 

These curved lines divide Ihe area bounded hjAA and B B in such a way that 
every point on the left of the line for 5 = corresponds to one for q> 0, and for K^ = 
corresponds one to K2 < ; similarly, on the right of the line evei-y point for q = corres- 
ponds to one for q = o, and for £"2 = to one for K^ > 0. 

If TCj Tj and W2 1'2 ^J"® independent of R, then from Eqns. 15 and 16, Y varies solely 
with R a : and so the curve-lines in Fig. 16, give at the same time the geometrical point at which 
definite constant values of Y occur. When the wheel-treads are of the usual shape as represented 
in Figi 17, then n^ X^ and ^3 Ij are not independent of R; because such treads, owing to 
their shape, are able, under circumstances, to seek out another point of support on the rounded 
top-corner of the rail-head. But with worn treads these quantities are independent of R, and 
especially with treads of such shape as renders impossible the wheel's seeking out a support- 
area on the top-corner of the rail-head corresponding to the value of F; as for instance, with 
such shapes of rail and wheel as are figured in Fig. 17(i, which have been recently adopted 
on the Lehigh Valley EaUroad. * With this profile of rail and tire, the rails stand vertical, 
the middle of the tread is cylindrical, and a lateral contact of the flange with the rail occurs at 
an angle of 64° with the horizontal. 
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§ 10. 
The Inclination to tiie Axle of tlie Contact^Surface of the 

Fore-wheel. 

The inclination of the contact-surface on which the outer F-wheel slides downwards 
depends on the pressure Y, due to the load on this wheel, to be overcome, and on the 
direction in which the contact- surface slides on the fail; 

Let A be the point in this surface at which jfj, Y, and K^ majr be conceived as acting/ 
If the plane in which the contact-surface lies be intersected by two vertical planes intersecting 
in A, of which one is parallel to the axle of the Fore-wheel and the other contains the direction 
of the resultant slide motion of the point A (in the circumference of the wheel) then we obtain 
the line A B, in the first-mentioned vertical plane, and the line A D, of Fig. 18 in the seconds 
Further, if the points B, G, D, lie in a horizontal plane then the angle a gives suflBciently 
correctly the inclination to the axle of the plane A B D in which the sliding takes place. . 

The direction of P coincides with the line of intersection, A G, of the vertical planes^ 
the sliding takes place in A D, and Y lies in the plane A B G. By appropriate resolution of 
F and Y, the forces acting in the plane A B D are obtained, as represented in Fig. 18. 
Consequently, 

Y cos o: + f (Pj cos oc -)- F sin a) cos ;S — Pi sin a =: 

The angle /? included by the limes AB, AD^ is always less. than the angle 7 between 
G B and G D : however, the exactitude of the following investigation will not be impaired 
if we put ^ for 7. 

The angle /3 is given by the equation, 



eos /S = cos 7 = 



or froflii Eqn. 17 



1. ?lZ 

cos p =s J 1_ 



To determine w^ we have — from Pig. 19 — 



(20a) 






^ '~~^ + ^- ^^^ 2 = r (1 — cos) 



iina so 



■ + nr(l-cosoc) *•• "• '•• (206) 
eoHseqiientlj^, 

•fio- Bcr , Er.^ . ... ... (n-i\ 

=^ h^(l — COSot), ••• ^^V 




PjCoi a + T tin a 




Fig. 18a. 



/ ('ij cos a + T sin a) 



Y eoi a + f (Pi cos a + Y sin a) cos. B 
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The Position of the Point of Support at the Outer Fore-wheel 
relatively to the Wheel's Axis.. 

Because the leading F-wheel runs against the outer-rail at an angle otj, [i.e. tlie 
so-called Angle of Approach] the middle point. A, of the surface of contact of this wheel lies 
:it a distance 2/0 '"^ front of the vertical through the centre of the wheel; which distance ia 
determined, from Fig. 20, as follows ; — 

Suppose the fairly flatly-rounded flange-hollow to be replaced at its point of contact 
with the rail by a conical-surfaced ring of which the cone-angle is a, and let this conical ring 
to be intersected in A by a- horizontal plane parallel to the axle. Then we have for the 
intersection-line on the surface of the cone, the hyperbola 4 iVj N.^, oi which the equation is 

2/' = 2 tj (B tan a + x^ tan* a : 
and on the surface of the i-ail-head, the straight lines L L and L^ L^, which latter is touched 
by the hyperbola in the point A, and forms an angle of (90 — aj) with the same. 
The co-ordinates of A are 



2/0 = ,=■ 



tj tan «! 



\/ cof^a. — tan* oc^ 

(COt*oc 



cot 



■^v/ cot'' a — tan* otj 

Since tan a^ is generally very small compared with cot a we have, approximately, 
1/g = Tj tan a tan a^ ,,. ... ... {2i) 



§ 12. 
Practical Formulae for the Pressure at the Fore-wheel. 

With the assistance of Eqns- 15 and 16, the numerical values of Ffor the above- 
mentioned vehicles can now be calculated as follows : — • 

The minimum value of Rcr which can come up for consideration corresponds to the 

minimum permissiblet 72=180"" and to a value of o- which is made up of the mean clearance 

•Oiyo™ allowedt in the straight plus that shown in Prg. 16 for R = 18C"', i.e., -Oi". 

TTius 

Ba = 180 (-0175 + -02) = 6-75"'. 

Tor Passenger vehicles of o" wheel-base, when Ra = &-llf, 

m = I -I- -^ = S-SS". (Eqn. 1 7) . 

A nil if we put in Eqn. 19, / = i : * 

and provisional! t/, Y = I'S/P^ : 

and also cos ^ = 1 : 



If i.e. by the "Verein" Eegalatlona or Standard Dimensions.— Teans.] 

* Experiments carried out by Capt. Doaglas Galton in 1878-79, mostly oa the London-Brighton Ky. 
with the object oE determining the amount of friction between brakes and wheels, and wheeU and rails, at varioua 
velocities, gave the following coefficients of sliding frietioQ between treads and rails. 



Velocity per see. 

in English feet, 

(Approx.) 


/ 


Steel whe-1-tire and 
steel rail. 


Steel wbeel-tire, 
and iron rail. 


8S 
80 
70 
60 
50 
40 
20 
10 
jnst coming to rest 


•027 
■038 
•010 
■057 

•065 
■070 
■072 
■088 
■243 


■060 

•070 

■073 

■095 
•2)17 



ride "Engineering"— Vol. 2!), pp, 
6 



4G9-472: Vol. 36, p. SSd: Tol. 27, p. 371. 
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then tan a = o- 4- ^ i J -ii£j^ = -626 = tan 32'' 3', 

P, - © 1-3. P. 

and .-. a = 320 3'. 

On the assumption tliafc the rail-head has a top-corner-rounding to a rad. r = 12'"/„ and 

that tj = •485"', and n = 20; then 

r (1 - cos «) = -012 (1 - cos 32° 3') = •OOIS™ : 

1 /-c^ oi X -K*^ 6-75 , 180 ..^3 

and (Eqn. 21.) ■ • = „■- .,.- + -r^-0018 

^ ^ ' j(^ Tj 20. -485 -48.5 

or = -696 + -667 

= 1-363™ 
Therefore we obtain for the angle (S — Eqn. 20, 

C ;S= 3-85 3-85 ^ ^ .^ 

" V^3-8o^ + |(l-363-'l-5)'^ v/3-85^ + -0049 

The initial aisumption that cos yS = 1 was therefore correct ; and the value thus 
obtained above of = I'SSo"* may be used for the calculation of Y. 

We can now determine from the general Eqn. 15 the share which the F, A, contributes 
to the horizontal pressure Y, viz., from the equation 

3-8o - — (1-36 - 1-5) 



r, ^/Pa / 1 



^3-8o "-l-i (1'36 -1-5) «' 



= 1./P. 
For the H. A, put r(l — cos (?) = •QOI"'; and we obtain 



n^ X., 20. -485 ^ -485 

= -696 + -392 

== l-OQ"", 
Now q = {d — m) ={5 - 3-85) = 1-1 5'". Whence, from Eqn. 15, the contribution by the 
H.A, is 

-j^l (1-09 +1-5) 

y^ =fP2 f 1 ' = ■2'24 Pj 

V 1-15 =* + -g (1-09 + 1-5)? 

If Pt = P2 

then 7= Yi -+ Y^ ... .,, ... (28) 

= 1./P + •224/P 

= 1-224/P : 
a,nd therefore, a = 31° 4'. 

On page 19 it is shown that the radial H. A. when Rcr = oO-Q, contributes nothing to 
the value of Y. For this particular value of Ba; corresponding to o- = •Ol'7o"', and R = 2263"', 
jlhe value of Y is obtained as follows : — 

Assume Yi = 1/P; cos ^ = -8^ / =i -25.: 

then by Eqn. 19, tan oc = -5, and .■, pos a = -891. 

3,ud by Eqn. 21 : — Bo- _ 2q.2j. 



Accordingly the e:^acter valuep are — (being radial, m =z d = o™.) — Eqn. 20, 

,^ 5 

y/25 + |(10-24-1-5)' 



cos ^ = • - :t: -753 
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Whence 



and 



/S = 41° 40', tan ex = -46, cc = 24° 40', ~^^ =9-08 ; 



5- ^(9.08-1-5) 



jy/25 +-i (9-08-1 -5) « 
Y= r, = -62/^1 

For the value of Rcr below 89-6, if the H. A. actually stands radial, we have, for its~- 
cohtrlbution — Eqn. 16 — 



and therefore in this case, 



r= •62/Pi +-3/P2 = -92/P ... 



... (24) 



From the above values of F given by Eqns. 23 and 24, and on the assumption — 
which has been found experimentally to be sufficiently exact— that as jR increases from 180™ 
up to 2263"'> Y decreases proportionately from 1'22/Pto '92 fP — we obtain the expression 

^=0-25-6loV^ (25) 

In this way the values of oc and formulae for and values of Y exhibited in the follow- 
ing Table are obtained. 



Vehicle. 



8 = I'o™ 



Ro 



R 



= 12"™: n= 20: /= J. 



Metres 



^ 


oc 


1-224/P 


31°4' 


•92 fP 


24°40' 


1-35/P 


32°4r 


■98 /P 


24°5i' 


1-60/P 


35°50' 


1-05 /P 


25°6' 



formula for Y 



Passenger cars.. 
Goods waggons . 
Sec-Line locos.. 



5 

4 

2-5 



•485 
•483 
•535 



6-75 

39-60 

6-75 

30-6 

6-75 

22-3 



-0375 
-0175 
•0375 
-0175 
'0375 
-0175 



180 
2263 

IPO 
1750 

180 
1280 



R 






For sharp curves we have accordingly the following Table ;- 



Vehicle. 






2 


" = 5000 kg. 




d 


p- = 
R = 


6-75 

•0375 
180™. 


Rcr= 9 
ir = -03 
R = 300™ 


Ro-= 12 
o-= -02 
R = 600™ 


Y 

kg. 


a 


r 


a 


Y 

kg. 


oc 


Passenger cars 

Ooods waggons ... 
iJec-Line locos 


5™ 
2-5™ 


1525 

1690 

200 


31° 4/ 
32° 45' 
35° 50' 


1510 
1650 
1930 


30°52' 
32° 18' 
35° 6' 


1460 30° 5' 
1500 31° 20' 
1840 33° 10' 



These values show that Y ^nd a for the same veliicle in sharp curves are almost 



constant, 
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The forces parallel to the axle at the Hind-wheels and 

Inner Fore- wheel. 

The force G^ acting at the tread of the. inner F-wheel and parallel to its axles, 
tending to overturn the inner rail — is given by Bqii. 14, viz. 



6,=fP 



v 



m^ + 



The following Table gives the values of this expression : 



(26) 



y.ehiele. 


a, 


G. 


i'J=lSO'» 
<r = -0375 


R = 300- 
<r=-03. 


R = 1000" 
.a- = -0175 


Passenger cars 
Goods waggons .., 
Sec. -Line locos . . . 


5™ 

4"' 

2^5" 


l./p 
l./p 
1-/P 


L/P 
l./p 
l./p 


95./ P 
92./ P 
82./ P 



It now remains to determine what the action is of the H. A. wheels on the rails. 
From the Fig. 15, 



.-. z = /r 






. Further, 

And when 
then 



G2 = - fP 



S — 0,— viz. H. A. radial. 



(27) 



(28) 



.Y = G, = 



Y-G, 



From the Eqns. 27, 28, and 29, we have in the following Table, on the 
that F^ = P^ = P, the values of X and G^ shown therein. 



(29) 
assumption 



Vehicle. 


d 


R = 180« 
ff = -0375 


R = 300" 
o- = -03 


R = lOOO" 
a- = -0175 


X 


G, 


X 


G, ' 


X G^ 


Passenger cars 

Goods waggons ... 
Sec. -Line locos ... 


5» 

4"* 

2-5'» 


■88 fP 
•60 /P 
•30/P 


-•66/T' -06/ P 
-'25 fP 76 /P 
-•30/P '27/ P 


-45fP 
-■UfP 
-•27 fP 


•08 fP 
•12/P 
•16/P 


-08 /P 
•12/P 
•1(J/P 
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§ 14., 
The Curve-Pressure In the case of Braked Vehicles. 

When all the wheels are firmly braked they skid, and the moments K^ s, K^ 8y 
disappear ; and therefore — see p. 18, 



whrere 

th-erefore 

or, sufficiently accurately. 



Y 

6 = r^d : and c = Y: 



y = fp 



d^ 
E 



ViU 



+ 1 



y=/pl^... 



(30) 



From this we obtain the following Table : — 



d 


Y 


- B = lSOi^ 


B = 500» 


B = 1000™ 


5™ 
4« 


fP 
35 

fP 
45 


fP 
100 

fp 

125 


fP 
200 

fP 

250 



These forces, in comparison with those occurring with rolling i.e. unbraked, 
wheels are quite insignificant ; and consequently braked' axles deviate very easily from their 
momentary directions of motion. This explains why braked axles so easily derail in curves. 



§ 15. 
The Influence of Curve-Radius on the Position of the Vehicle. 

d^ 
When. iJ tr ^ H-j (see Bqn. 17a) then when Y > 6^ there is — Eqn. 29 — a force 

acting in each H-wheel radially outwards ; and in the reverse direction, when Y < G. 

Since the H-wheels always slide longitudinally — unless it happen in some particular 
instance that p = B, and so K2 = — these wheels must have, in addition, a motion in the 
direction of their axle due to the forces X and Cg- 

Consequently, in sharp curves, where Y> G^, the vehicle rotates about a vertical 

axis lying some distance behind the H. A. if B a- > o~ ' ^^^ ^° fi"'^ curves, where Y < G^ the 

axis of rotation lies between the two axles. 

In the previous discussion the vehicle's rotation-axis has, however, been assumed as 
lying in the H. A. It has been so assumed because a considerable simplification of the 
investigation is thus obtained j and for sharp curves, where we are mainly concerned with 
the determination of Y, G^, X, and G^, there arises therefrom no error worth mentioning. 
Only it is to be borne in mind that these forces are in general somewhat smaller than the values 
which we have found for them. 
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§ 16. 

Influence of the Tension in the Coupling on the Forces acting 

between Wheel and Rail. 

In Pig. 21, let 

I = the distance apart of the front buffer-beams of two consecutive vehicles. 

e = p, the angle included between two curve-radii drawn to these vehicle-endg, 

U = the distance of the point of application of the coupling-chain, at the fore-end, 
from the vertical rotation-axis of the vehicle. 

li = the distance between the points of attachment of the coupling at the two 
ends of the vehicle. 

g = the length of the coupling-chain from hook to hook. 

7 = the axle included by the coupling with the fore buffer-beam. 

Z = the tension in the Fore-coupling, 

Z-z — ditto ditto Hind-coupling. 

The tractive forces Z, Z-z, which are inclined to each other at the angle € reduce— 
see Pig. 22. — to a single force, k, and a couple, {Z-z) l^ cos (y + e). 

Also from the Figure 

k^ = Z^ + {Z-zy -2 Z (Z-z). cos e. 

Putting Z = nz, where n = the number of vehicles over which Z is uniformly distributed ; 

then 

ft2 = «2 [2n(n- 1) (1 - cos e) -J- 1]. 

The component in the direction of the vehicle's longitudinal axis, k sin (7 — S), 
maintains the forward motion of the vehicle on the raUs ; and the component parallel to the 
wheel axle, k cos (7 — S), produces its rotation, and at the same time modifies the magnitude 

of r. 

This component is deducible from 

k sin S = {Z-z) sin e 

assuming sin e= „ — sufficiently approximate — and so after several intermediate steps we 
obtain 



k cos (7 - S) = a [cos 7^/1 -^ii^ " 1)(| - 1) + sin 7 (w - ij ^] ... (31) 
The decrease in Y due to the tractive force Z-z and to k cos (7 — B) is 
a (w — 1) Zj cos (7 + e) + & cos (7 — S) -~ — 
2 = d (32) 

We will now prove that the tension in the coupling has the direction indicated in 
Fig. 22, and that the expression for it — Eqn. 32 — is positive. 

If, in the Pig. 23, CD be the axis of the fore-vehicle, and A B that of the hinder, a^ 
the point of intersection of both vehicle axes, and 6 the point of attachment of the coupling 
at the hind-end of the fore-vehicle, then 



■according as 



•Consequently, 



y -f e I 90 



b and a^ 
or, h and a^ 
or, 6 and a 



. are the two points of attachment respectively. 



7 + e = 90°, according a'3 b — j- = 0. 



Kg. 21. 






Fig. 22. 

1 
1 J 




:::rt^ 


( 




k CO" (.i-8T----:^,>,^ 



Fig. 23. 





I 

J 



Beg: No. 4808 
Copies too 



Pboto-Priat Surrey Office, MadrM. 
1899 
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For the Passenger and Goods vehicles in use on the Prussian State Eailways the 
following Table shows that in curves of 180", (ft — ~) has the values ■92!)» and 1-265", 
and is therefore positive. 



d 


h 


9 


I 


R = ISO™ 


TO 


u 




Metres 


5 

4 


8-85 
7-65 


•85 
•85 


9-7 3-85 
8-5 3-69 


6-83 
5-52 


•925 
1^265 



Since now iJ and R increase together, (7 + e) is always less than 90° in' the case of 
the above vehicles under ordinary conditions ; and thus these vehicles when running in a 
irain are drawn by the fore-end coupling inwards, and by that at the hind-end, outwards. 
Prom Fig. 23, in order to transform Eqn. 32, we have 



cos (7 + e) = -r-jr sin e = 



I 
2 I 



a,b 



9 R 



a^b . o4-2t — Z, Z 
cos 7 = -^^- sm e = • - 



sino = -5— sm €- = 
k 



2g R 

z (n — Zj Z 
k R 



■audi therefore, 
likewise 



k^=z^[l + n{n-l)^,'j: 
Jc. cos (7 - S) = 4 \^-^/^ + in-l)]: 



2 I 
R 



(33) 



we have 



z (n— \) li cos (7 -t- e) = a (w — 1) Z^ 

y 
And^finaUy, substituting the above in Eqn. (32) we have 

J. ^ 

zl fg + 2n~-L ,, ^ , ,,/ 2, Zi+U\"l 

For the outwards-acting force in the H. A., due to the tension in the coupling. 

From Eqns. 33 and 34, for loaded goods waggons of 20,000 hg. gross weight, we 
have in the following Table the values of g and g^ in the nth vehicle, if we substitute 
for E = 180», t!= 5-515«, the corresponding Ra = 6'75, and z = 7 x 20 = 140 %. 

_ 42 
B = 300'% ti = 5-825'», the „ Ea-- ^, andz = 5 x 20 = 100 fco. 

— 42 
R = eOO"*, » = 6-825», the „ Bo- " -g , and z = 3-o x 20 = 70%. 



cZ = 4», Z = 8-5«, Zi = 7-65™, ^ = -85«. 


R 


Ra 


kg. 


Si 


TO 


TO 


180 
300 

600 


= 6-75 

= d^ 
>2 

>r 


2Q + {n- 1) 32 
8-6 + (n-1) 17 

3 +(«-]) 5 


8-4 +{n-l) 24-6 
3-6+ (m-1) 11-2 

1^3 + (« - 1) 4 
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Front these Formiilsa for g and g^ the figures in the following Tahle are obtained for 
the I'S IQ'*, 20% and 30«* vehicbs in a train in curves of 180™, 300™, and 600». B.&een 13 
counted from the end of the train; the load on each axle is 10,000 hg. and the total resistance- 

per tonne is, as above 

7 kg. for B = 180™ 

5hg. „ jB = 300» 

S-5kgi. „ !B = 600» 



1 : . 

^ = 4™- 4 F=. 20,000%. 




R= 180™, 


iJo- = 6-75 


ii! = 300™,iJo-~"— 1 


R=i eoo™. 


n. = ^' 


,- .n. 






> 2 ! 




>2 


:- S 


Si 


2. 


Si ! 


s 


Si 


■ Kgs. 


1 


26 


8-4 


8-6 


3-6 


3 


1-3 


10 


314 


.230 


162 


104 


48 


37 


20 


634 


' 476 


332 


216 


98 


77 


SO 


964 


722 


502 


■328 


148 


117 



Accordingly, the tension in the cou-phng diminishes the values of Y — obtained in §12,. 
[page 23, lower Table] — for d — 4", and P = 5000 kg,irom. the last vehicle, up to the 30th 
as follows :— 

in curves of i2 == 180", from (1690 - 26) = 1664 kg. to (1690 - 964) = 726 kg. 

.. = 300",...... (1650 -8-6)= 1641 7cc?. to (1650-502) =1148 %r i .: 

= 6O0'», (1560- 3) = Ibblkg. to (1560 - 148) = 1412 %. ::[ 

The pressure T— g — acting between the outer F- wheel and the outer-rail varies- 
from the last vehicle to the 30'* vehicle 

in curves of 180» R by (964 - 26) = 838 % or by 50% of. Y. 
300™ B ,^ (502 - 8-6) = 493 kg, „ „ 30% of Y. 
600'" R „ (148 - 3.) = 145 kg, „ „ 9% of T. 



§ 17. 

The influence of Tension in the Couplings on the 
Position of the Vehicle. 

On the assumption that g^ = 0, it was found from Eqn. 29 that when a goods 
waggon traversed a curve of 180™ the inner H-wheel exerted a force X= '6/? on the rail- 
(seo Table at end of § 13), 

Suppose the vehicle so far from the end of the train that g^ = • 6/P = • 6 . i. 5000 = 

750 kg ; then the inner H-wheel has only itself to displace. From the fornrula for g^ given in 

7.5O — 8'4 
the preceding Table, this will occur when n = ^^.g 1- 1 = 31st vehicle, and in each 

following vehicle up to the end one g^ will therefore be > 750 kg : whence it follows, that in 
these vehicles a part of g^ is employed in the displacement of the inner H-wheel. g, 
has no influence on the position of these vehicles in the curve ; that could only happen if n 
became sufficiently large, to slide not only the outer, but also the inner H-wheel. But this 
latter may easily happen if the waggon is. empty. cmcL runs va. a tvain ef haded vehicles. 
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When a vehicle runs in a curve of SCO" and iJo-^Q™ then, on the assumption 
made in the previous discussion, § 13, that 2i = 0> there must be a force {X + G^j = 
•l6fP+ ■l<5fP= -Sa/P^- 32:1 5000 = 400 fcgr exercised by the rail on the hind-wheels 
towards the opposite or convex side of the curve in order to maintain the H. A. in the radial 
position. Bat this is only possible in the special case where the H-wheels do not slide in 
the longitudiual direction, Eamely, for true conical motion, where the apex of the hiud-axle 
rolling-cone coincides with the curve-centre. 

Whence it follows that in the curve of 300" where g^ only reaches the value -of 

of 400 kg at the n'^= - — —r^ 1- 1 = 45" vehicle, the last 44 vehicles of the goods-train 

rotate about a vertical axis lying behind the H. A. : whereas for the 45*^ waggon, the rotation- 
axis lies in the H. A. ; and before the H. A. in all the afcer-succeeding ones, (46"*, 47"', &c). 

Similarly, for curves of 600™ , the vertical rotation-axis for w = 1 up to 48 lies 
behind the H. A.; and for n > 48, in front of it. 



each axle there is a centripetal force of •;;^- ^ = tt-P, say, or = -173?, ii R = 300""; 



§ 18. 

Influence of abnormal Superelevation of Outer-Rail 
on the Position of the Vehicle. 

In § 17 it has been shown that the last 44 wiaggons in a loaded goods-train when 

running through a curve of 300"", and likewise the last 48 vehicles in their passage through a 

curve of 600'" R, rotate about a vertical axis lying behind the H. A,— if the elevation of the 

outer-rail exactly corresponds to the height due to the velocity. If the velocity is below the 

amount corresponding to the actual superelevation if, for example, V ^6'", while the V, corre- 

45 
spending to the superelevation h, is 17*12"', [i.e., corresponding to the formula h = jy), then in 

P 17'12S-68 52 

V 

and = -087 P, when B = 600'" - 

This force compels the H. A. to move closer to the inner-rail, and so causes the 
rotation-axis to move still further away fi-om the P. A. 

This rotation-axis lies at its maximum distance behind the H. A, in the last or end- 
vtliicle of the train. 

Call this distance behind the H. A. A, and the force exerted on the H. A. due to 
abnormal supe,relevation b P^ ; then with cijUndric treads — see Pig. 24 — we have (2 = 0, Z = 
G,— vide Eqn. 29.) 

s (]?! -1- K2) - ^Pi^ + 2G^d = 0: 
in which— from Eqns. 13, 14— 

s 



K,-^-fP 



\/{d 



v2 






G,-fP 



" / .s-9 

V^^+4 
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Putting in addition P^ = P^ 

then / (2 d A ~ o") / 4" 

= bd + , 



V 



A 



2+?! ^ (d + A)^ + J- 



and for s = I'S™, d = 4", / = 4j "we have 



2A--281 -281 
= 4 &+ ■ 



v/ A * + -oGZb V{i + a) * + •5625 

Whence, for R = 300», and h = -173, A = -5"'. 

B = 600™, 6 = -087, A = •3'". 

The maximal value that A can assume is given by the expression— obtained from Fig. 24 — 

J . . ^"^ i A^ 

» + A max I , _Zt—max 

and for 

J2 = 30O'«, JJc7 = 8-25"', andd = 4'»: A max = •1125'" 
and for 

B = 600™, Bo- = 12™ d = 4™ : Amax = I'O"*. 

Consequently, in a curve of 300™ B, when (? = 4™ and B(7 = 8-25^, A cannot amount to 'o™, 
but must be at most ■1125™, Accordingly, it is not only at the last vehicle in the train that 
the H. A. runs closely against the inner-rail, but also in a large number of vehicles further ahead. 

In the curve of 300™, Ap,ax is greater by (1 — '3) = '7 than the value found above 
of A ; and therefore the inner H-wheel runs against the inner-rail in this curve only when 
other forces co-operate with b P. The pressure of the wind, fof example, acting in the same 
direction as b P, might drive the H-wheels towards the inner-rail. 

When the superelevation is normal, t = j thei; for d = 4*", apd from the above 
equation, we have 

2 A - '281 '281 

V~E^ +-5625 ~ v/(d + A)'i! 4- -5625 ' 
Whence always 2 A> -28 J™, 

or A> "MO™, 

Thus in jihe normally superelevated curve of 300"' B, A > A^ax j whence in this 
curve also, the inner H-wheel of the last or end-vehicle runs close-up against the innerrrail. 

On the other hand, if the outer-rail be too little superelevated then, after the pre- 
ceding discussion, it is only necessary to remark that h P presses the H. A. towards the 
outer?rail, and displaces the rotation-axis further towards the F. A. 

When the treads are not cylindric, but coned, the aboye ponditiong are but very 
slightly altered. 

The influence of / on tjie position of the last vehicliB has not been taken into considera- 
tion. From the equation for A it follows that with a normal superelevation of tjie outer-rail,/ 
has no offoct on A ; and that with abnormal superelevation A incre3,ses undpr the influence 
of hP wlien / decreases j and decreases if / increases. 
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§ 19. 
The Resistance of a Vehicle due to Curvature. 

According to Eqn, 22 the point of contact of the guiding F-wheel lies at a 
distance yo = x^ tan a tan a^ in front of a vertical through the centre of the wheel. The 
wheel resifcts, consequently, the forward movement of the vehicle with a moment of P r^ tan a 
tan oc J : or, when referred to the vehicle's axis, with a force of P. tan a tan a j, and gives 
thus a coefficient of resistance 

_ P. tan a tan « j^ _ tan a tan ot ^ 

Wi= ^p -—-4 . 

In addition, there is at the F. A. a resistance due to the action of Ki, which is 
not removed by the downsliding of the fore- wheel on the rounded corner of the rail-head; and 
the work done against this resistance is 

E^ As= Ki 2 i — per second : 

giving a coefiBcient of resistance, 

Ki 2ci 



PT, = 



A4P 



Similarly, for the H. A. 
and 



,_ tan a' tan a\ 
^^^3 - =-4 



K.2C. 



A 4/^ ' 

where a.', a.\, K^, and c^, are the corresponding H. A. values of a, a^, K^, and c^. 
Consequently, we can now establish a formula, with the assistance of the expressions for Y, 
Ki, &c,, which will express the increased resistance to motion of 2-axled vehicles in curves 
over that in straights, viz. the Curve-resistance. 

We have generally, Eqn. 25, 

Y={a,-h,R)fP, 
where a^ and b^ are definite coefficients depending on the type of vehicles and for sharp 
curves, cos ;S = 1, is sufficiently exaot. 
Accordingly, from Eqn. 19', 

tan ex -1^ K+1)/-5,/Ji! 



P-' 



d 
Patting, generally, tan ^i =^,we have 



_ 1 i«L+l)/llM^ 



d 
R ' E 



Alsp, putting for K^ the valup/P ipstead of that given by Eqn. 13, wd for c^ 
the following expression corresponding to pi > B, viz, 

we obtain 



W,= 



= f(l-. 



4 ViJ n 



1^1 / 



^2 
For the H. h-, neglecting W^ for sharp curves where Ba < -^ , 

W -L(±A.-J- " \ 

* A\B'^ n^x^B n^x^ ) 

Further, putting Wj'^i = "2^2? 

and since W=W^ + W^^ W^. 



f 
yre obtai;;i ^ ~ "1 



2g .J 

d a^ + I — h^ B nx 2o-_ 



ir I -Ci /■? -h &i/?iJ+ B 



n X 



32 



For M X = 10,/ = i, and s = l-o", we thus obtain 

d. a, + 1-Z»i -R . 3 



TF = 



•1 (£2 



a 16 - tti + b^ a 



10 K 



80 



(35) 



This equation holds for curves in which ^> ^ j or B cr < s n r, and thus also, on our asEump- 
tions, for iJ cr £ 15. . 

For d = 4", substitute values from the first Table of § 12 : a^ = 1-39, b^ = ^gou ' 
and thus obtain 



W = 



58344 - 3-7125 R 
61946-4 R + li^ 






(36) 



1 



we obtain 



(37) 



For d = S", ai = 1-25, and l^ = gg^ j 

_ 115629-4- 656 R 
^^ ~ 104504 if + R^ 

From this equation, taking tho mean values of cr derived from Fig. 16, we oUain the 
iigures given in the following Table : — ^ 



80' 



R 

m 




1^ 


mm 


d = 4^ 


d = 5'" ■ 


180 


37-5 


' -004890 


•005615 


300 


27-5 


•002719 


•003295 


600 


20 


•001246 


'001539 


800 


17-5 


•000882 


•0011(-9 



With the object of more clearly displaying how the curve-resistance increases with 
the wheel-base, iu the following Table are giveu the values in kilogrammes for a gross-load of 

20 tonnes. 



R 


Eesistrtiice in kgs. 
fur 4 /-' = 20 t. 


Difference 

due to 
wheel-base 
leg. 


--«2 =4'» 


d = h™ 


180™ 
300» 
600" 
SOO" 


97-80 
54-38 
24-92 
17-64 


112-30 
65-90 ' 
SO-78 
22-18 


14-50 

11-52 

5-86 

4-54 



The errors involved in the assumptions made when ^obtaining Eqn. 35, viz., that 
K^ = fP, MiXi = ^2^2 = l^j ^11^ i'^ sharp curves, IF3 = 0, neutralize each other, and 
besides, are quite insignificant.. 

a 

The method we have fimployed in the above investigation of Curve-resistance is one 
employed by tho Author in a former work of his on the same subject.* It may possibly 
appear not sufiiciently satisfactory to "those who hs-ve not the leisure to balance one with 
another the effects of the assumptions made therein on the-jfinal result and so to convince 
themselves of their permissibility. 

We add therefore, the following 'perfectly general investigation in which no such 
assumptions are made. 



In Eqn. 15, put 

then for the Fore Axle, 



Rff 



Ya=fP 



— s = a, and 

sjA- 
m — — 

+ 



R, 



WgX 



+ s = b: 



8*2 



h 



V'-'+T V-»' + T 



* " Ueber die Be-.TeguDg Tierradriger Kise^tahnTvagen in Curven/'-Zeitschrift fiir B.utresen, Jahrg XXIU 
S, '43 bis 388. "" 
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Furtlier, from Eqns. 19 and 20 ; we have 



sa 
2"^ -2d 



sh 
2d 



tan oc =y. 



\/'^'+f \/i' + 



6» 
4 



1-/' 



m — 



sa 
2d 



sh 



Now 



.__. _ tan q: tan g ^ 



m 



V 



m- + ~ 



f wi 
^ 4 S 









2d 



2« + 



Aud if y = 0, 



4 



'^.'^J 






d2 



ffl* sa / n2 • 

(l-n + T+Z^T-Z'^V^' + T 



Again, 



W^^^ 



4 / 



1 / R<r \ 



V»' + j(a;-) 



01" 



For th,e Hjnd 4-xle,we have : 






sb 
2d" 



v^ 



m? + 



sa 
Yd 



\/s'-¥ -v/«"+T 



o t « ^ / •>• . ^'* S-^ 

22VdV2^+4-2rf 



2' + -T- 



tan a = / . 



\/-^ + ^ 



consequently : 



6' ..sb 



I sa 



sMi-/') + r-/-ir?+-^'i« 



^/ 



'32 + 



62 



m^ + 



t^n«i=_|.: 



2 . " 
g''+ — 



^^45 






V 



v.? 



m' + 



Again : 

Accordingly, 

or quite generally. 



W4 = 



a4 



4B 



h 

2 






4i2 



(2m''- 



/ 2 . ±' 
sam , shm /"* + 4 



2d "'' 2d 



V 



V 



m^ + 



+ 



^2 (i__^) +f + f2 s_amf, sbm J^ +4 



^ V 



2 1 '^ 



2 + 



0„2 . i^__!ffi 

"^ "*'.2d 



/ , ^* 



^ m* + W "^ 



i'li-f')i-'^-f'-ii*f-iS 



^V.'+? 



4 



2d 



2d 



a/ m' + «; 



(S8) 



Whence, for 

d = 4"' 5 = I'S™ and/= i. 

We obtain finally the following equation : 



TF = 



UU 



a' 



o™.2 _ ^±^2!L + ^'-^^"^ J '^ "*" 4 j / 



:m' 



V .^ + ^^, 



TO^ + 'T- 



IS J a* 1'5 a7w_l'5 ftm '' 



2 ■ « 



+ 



V 



»rt* + 



.'+.^\ 



„ , Vhhq 1-5 afl / '^"■^ 4\ / , 



62 



2 



]5g2 52_ I-5;>g l-5ag /_!__i V ^ ■*" 4 
It) 4 -J28 J28 / - , , a" 



(39) 



And if g' = 0, i-e. m = d, then 



W= 1 


"(32 - '7ba) y/ 16 + ^ + 24 + ^u^ 


165 


a« l-ga_ 15 ./. a^ 




__ . ' 4. ;i2 16 V ^^ ' 4 



+ 



■ + b 



(40) 



The values of a and 6 to be substituted in Eqn. 39 are obtained from 



and 



a = s, 

r, ^<^ ' \- ■ 
= - — 1- s. 



n^x 



2 *2 



But for Eqn. 40, only a = 



E, 



V-. X 



1*1 



— s, holds; and h is to be determined from the 



Ra , ; . . , . ■ 

expression—^— + s by replacing a- hy twice the disp,lace;ne.nt of the H. A. relatively to the 

centre of track. 



Fig. 25. 




Eo-=6,75'" 8j25^ 12,00 



17,50' 



Fig. 26. 



P-Oa 




Eeg: No. 4869 
Copies 100 



Photo-Print Survey Office, Madras. 
1899 
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Whence we obtain, 



= ..('2-^-'^) 



b =R 



«2 ^2 



+ S = 



d^- Ro- 



n. X 



+ s. 



2 *2 



And since d = 4"", s= 1-5"', n^x^ = 10, 



, 16 — Z?(7 - „ 

• • ^ = — nr- + 1 ^- 

Replacing the factor in brackets of Eqn. 39 by A, and the several individual terms 
init by^lij^a, ^3, J^; then for 22 o-< --^, 



^=OT=lGlj(^^+^^+^3+^4) 



... (41) 



and for Ra = : 



d^ 
iGR' 



W 



= 1672^^^ + ^^ +0+^J... 



... (41a) 



I If with the assistance of the earlier found expressions for Y, and on the now familiar 

assumption that X = 12'»"',and ij = tj = -485™, the ysilviesoi ni,Xi,n2.X2,q,'m, a, and 6 are 
calculated for the curve radii and the respective clearances cr given in the following Table, 
and inserted in the expressions for A^, A..^, A^, and A^, and the results summed for the 
total A, then we obtain tlie quantities shew;a in the respective columns of the following 
Table ;— 









d 


= 4» , 6 


= 1-5'% f=i. 






R 


a- 


Ra- 


1 


«i ^1 


Watj 


a 


b 


^1 


^2 


-43 


-u 


A 


m 


mm 


m 




in 


m 
















180 


37-5 


6-75 


32°41' 


5 


7 


-•15 


2- 175 


10-28 


-015 


•26a 


2-390 


12-95 


300 


27-5 


8-25 


32°18' 


4-25 


10 


-•265 


2-275 


10-25 


•02 





2-275 


12-55 


600 


20 


12 


31°20' 


3-654 


10 


1-80 


1-90 


9-70 


•42 





1-90 


20-02 


1000 


17-5 


17-5 


28°55' 


3-684 


10 


3-25 


1-35 


9-10 


1-223 





1-35 


11-67 



Next let the values of A be plotted as ordinates above the corresponding values 
of Rcr as abscissce, and a carve be drawn through the points thus derived ; we then obtain 
flie curve, convex downwards, represented in Fig. 25, and expressed by the Eqn. A = cji 
{R<t), In what.foUows this curve is replaced by the straight line drawn through the end- 
points. The greatest distance' of this 'straight line from the curve occurs at R = 600™, [i.e., 

■v>8 

at its middle,] and this distance amounts to '28 or j^yrry 100%, or about 2'2°/.oi A. 



Consequently we have 



and therefore, 



A = 13-75 



F = 



•85938 



R 



1-28 
10-75 

■ 134 



Ra- 



(42) 



It is to be noted that in deducing' this formula the tension in the couplings has not 
been taken into account j and for this reason, strictly speaking, it. is only valid for the hmd- 
ciid of the train. The inclusion of the effect of the coupling tension in the expression would, 
however, cause no difficulty in the determination of the coefficient of resistance. The influence 
of the coupling would tend to reduce resistance ; and, consequently, W decreases with the 
distance of the vehicle from the end of the train, and particularly with increased traction 
in tlio couplings. The same train will, accordingly, show a smaller resistance on an up- 
grade than on the level, or even on a falling grade. 



3« 

The following Table shows ia cols. 3 and 4 the cui*TO-resistanoe for 1 tonne of 
train-weight calculated from the J^ormula 36 and 42 for the values of R and a given in cols. 
1 and 2. 



1 


2 


3 


4 


5 


B 


a 


IFperlOOOA;^. 
from 


TFperlOOOfcjr. 
from 


W-^^^pcg-^QvimOhg. 


m 


m m 


Eqn. 36 


Eqn, 43 


(von Eockl's Formula.) 


]80 


37-5 


4-89 


4'49 


5'20 


200 


37-5 


4-17 


4-02 


4'49 (observed 5-00) 


300 


27-5 


2-72 


2-65 


2-65 ( do 2-59) - 


400 


25 


1-97 


]'96 


1-89 ( do ]'95) 


600 


20 


1'25 


1'28 


M9 


800 


J7-5 


•88 


'8'1 


•87 


1000 


17-5 


(•65)* 


•73 


69 (observed, -69) 



This Table shows that the results obtained by the approximate expression (36) agree 
well with the more exact one (42). We can now conclude, a postiori, that q,lso Eqn, 35— ft?oiq 
which by the substitution oi d = 4'", and the corresponding values of a^, b^ and a, Eqn, 36 is 
obtained — gives trustworthy results applicq-ble to passenger vehicles of 5" wheel-base. 

And further, that the above-given resistance-coefficients for <? = 5™, and the. increase 
of curve-resistance determined from these which would occur if a gross load of 20 tonnes 
wpve put on a wheel-bftse of 5"" instead of on one of 4"*, are correct, 

Thp formula of von Eockl is baged on a yery Jarge number of experiij:>ents,t and giyes, 
as shown in the Table, in curves of greater -B thg.n 200"', almost exactly the same results t^a 
our Formula 42, The larger coeSicients in col, 5 for curves of less than 300'" ft are to be 
explained by the circumstance th.at the wjjeel-tirps of tjje vehicles employed in tjie Bavarian 
[or yon Eockl] , Experiments were much wopn, and in sharp curves for tliis reason a 
normal working-contact between tlie leadi^g fore-wheel tread and the head of the outer-rail, 
Buch as is postulated in Porn;u-}a 42, was not possible. If the aijgle of approach ^i— see § 11—, 
is so large that it does not permit the wheej-tread tq rest on tlje r^jl.q,t'an a-ngle gc, then witi) 
a givefi form of wheel-flang^, the pressure Y, accompanied by a sliding backTyards of. the 
iiange on the rail, must act qu a eqn tact-surface of which the inqlination to the horizontal 
is greafpr than qc the smaljer E is, The curveTresjstance l?ecqmes accordingly increased. 

This increase of W is q,ffeptpd alsq, of cqupse, by tlie shapp qf the Ijead, and will be 
gqne into more miuutely.in § 22, 

The mode of carrying out the Bavarian B:^perinients, cited here njerely forthe sake qf 
comparison, corresponds generally with the fundamental assumptions on whicli Formula 42 is 
based. In the eyperinjeuts the vejiicles employed were neitjier quite new nqr, on the other 
hand, were the^ piuch worn. The experiujental tracks were carefujly clq^ned-up before 
each experiment, and they had been run over for sq long a time that the railrheads were 
quite smooth and ptjlished. ■ T^e experimental trains, bqipposed of a fe^ veliicles, were 
shoved-ofE by Iqcomotives intq the experimental horizontal tracks, so that there was no 
possibility of the occurrence qf fi pqupling tpnsion in any way influential wjthin the meaninc^ 
of the forpgqipg discussiqaf ' ' ' °" 



* The Formula 36 only holds up tjj E o- = 15, 

+ Detailed information regarding tljese Experiments, which were carried out in 1877-78 wilj be found in the 
"Zeitschriftfiir Bankunde," 1880, p. 541.- "Die Versuche der bayerischen Staatseisenbahn fiber die WideLande 
der Eisenbahnfahrzeuge bei ihrer Bewogeurig in den Gleisen," and an abstract thereof in the « Orgaa fiir d-« 
^prtschritte des Eisenbahuwesens," 1881, p. '261, etc. ■ " ■«.... , e? r qig 
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The experimental vehicles in the Bavarian Experiments had the wheel-bases shown. 
in the following Table : 



No. 


Vehicle. 


Wheel-base. 


Weight of vehicle. 


7 
4 
7 
2 


Bavarian Pass, cars, II & III Class... 
Bavarian covered waggons 
Bavarian open goods waggons 
Hannoverian 6-wheeled open waggons. 


s-e^to 4-4™ 

3.7m 

s-e-'to s^™ 

2 X B-V 


8-5 to 9- ^ 

7-0 to 7-7 r 

6-6 to 7- r«^^^^ 

7-2 to 7-4 J 



Of these wheel-bases some are "S™ to •4™ smaller, others -4 or 2'2'" greater than the 
wheel-base of 4™ of Formula 42. What the r61e may be of the various wheel-bases in the 
results of the von Rockl experiments is not determinable from the above data. But it may 
certainly be concluded from the above analysis that the von Eockl Formula is not applicable 
to vehicles of 5™ wheel-base.* 

The preceding discussion has been based on the assumption that the vehicle-axles 
are perfectly parallel to each other : this, however, is never the case in practice. 

The subject might be further pursued, and the influence examined into of the 
possible rotational movement, due to the lateral clearance in the axle-boxes, of the axles 
relatively to the position of the vehicle assumed in this discussion. However, when the 
vehicles are maiutained in good condition this is of equally small account with the increase of 
the friction at the axle-journals, and consequently need not be further considered. 



§ 20. 
Influence of the General Shape of Wheel-tire on Curve-resistance. 

The path slid over on the rails by the wheel-pairs depends on the difference R — p; 
and this quantity varies with n^, X^, n^, and x^. A variation ia these quantities thus 
brings about a change in W ; and their influence is determined from the following consider- 
ations in which d and <r are assumed constant. • 



*A very full collection of the various f ormulse for curve-resistance and of the results of earlier experiments, ac- 
companied by a comparison of the same, is contained in a paper : " Des Longueurs virtuelles d'un trace de chemin dp 
fer," par M. Charles Baum, Ingenieur des ponts et ohanssees : in the " Annales des ponts et chaussees :" 1S80, p. 455. 

This highly interesWng article has supplied the following details :— 

(1) Experiments on the Semmering Railway with long and short and trains of the same weight yielded the 
following results. ^ 



m 

189 
263 

284 



Train of 26 waggons, 
weighing 198-7 tonnes. 
W. 



Train of 13 vehicles, 

weighing 198'5 tonnes. 

W. 



3-58 
2-57 
2-57 



303 

2-32 
2-22 



Consequently, curve-resistance increases when the number of vehicles is doubled, the total weight move^ 

remaining the same. .,■■•,,, j. i, ■ u. 

(2) Experiments by M. C. Poloncean on the Orleans Railway yielded the following results :- 



These experiments were 





R 

m 


W 
Teg. 




300 

400 

500 

1000 


3-90 
3-30 
275 

■75 


continued 


by Forquenot with the following results : 






R 

m 








300 

500 

1000 


3-90 
1-40 
0-32 



10 



3S 

From tte equation a = ■ s — see p. 34 — it follows that a decreases as n^x^ 

increases; i.e., a diminishes if, with constant t^, the couicity of the treads and the radius 
■of the rounding-off of rail-top-corner diminishes. If, for example, the tire has not the sha.pa 
upon which the Table in illustration of Eqn. 41 — p. 35— is based, but some other, such that 
when R = 600™ and a = 20""», n^x^ is not equal to 3-654, but to 9-71, theu a will be 
equal to — '265, iustead of 1'80; and A^ and A^ will assume the values given in the 
Table for iJ = 300" and o- = 27'5'"»> if along with this change Wg r 2 remains = 10. The 
total resistance A thereby changes from 12*02 to 12-17, or becomes li % greater, and conse- 
quently, also, the curve-resistance does so. 

If now along with the increase of n-^x^ to 9-71, n^x^ also receives a greater value 
say, 20, then il4 = 1-70, instead of 1-90, and therefore J. = (12-17 — -2) = 11-97; under 

these circumstances the resistance then diminishes by . „ „„ '^ ^^^/o ~'^ /o- 

If, viae versd, n^x^ and WgTj have smaller values than those given in the above 

Table for R = eOO"*, say n^x^ = 2-57, for which a = 3-25, then A^ + A^ = (9-10 +1-223) = 

10'823; and if n^x^ remains 10, then A = (10-323 + 1-90) = 12-223 — that is, compared 

12-223 12-02 

with the values in the Table, there is an increase of iom ^ ^^^ % ~ ^^ % ^» 

also, Wats is smaUer, say = 7, than Ai = 2-07, and^ = (10-323 -f- 2-07) = 12-303, or there 
results an increase of 8 %. 

It appears, therefore, that in the curve of 600" R the shape of the wheel-tread does 
not exercise any important influence on the curve-resistance — always supposing that the 
flange-hollow is so flatly curved as to permit a due mounting of the Fore-wheel on the 
head of the rail. These numerical examples show further that in a curve of 600™ R, the 
curve-resistance is decreased by decreasing of the inclination of the working surfaces and 
the radius of the flange-hollow; and that it is increased through the increase of these 
elements. The same, or the reverse, may occur in another curve according as we start from 
this or that value of R(t. It results generally from Eqns. 39 and 40 that for every curve, i.e. 
for every value of R<r, definite values of contact-angle and curvature of flange-hollow exist 
for which the curve-resistance of the particular wheel-base is a minimum ; and consequently, 
that an increase of the inclination of the contact-surfaces and of the radius of the flange- 
hollow by no means necessarily, as might be imagined, results in a reduction of curve- 
resistance.* 

But the investigation of such minimal values Is "without practical interest, owing to 
the small influence which any variation, within the ordinary limits, in n^x^ and n^x^, 
exercises on curve resistance. 



* That the amoant of the curve-resistance, ancl consequent proportional wear of tread is very slightlv affected 
by an increase in the flange-hollow radius is shown by an experiment recently carried out by the illustrions 
Eisenbahji- Director, A Wohler :— 

'■' Three Coal waggons were procured at one and the same time, all the parts of which came from the same 
" manufactory.. The wheels of two of them were tnrned-np to experimental profiles, and those of the third to the 
" ordinarj- Prussian Standard section. These waggons were so arranged in service that they always ran together with 
■" equal loads in the same train. In thig way they travelled some 25,000 Ttm. of which some 15,000 km. were done on the 
" CourceUes-Wadgassen Section, on which there are numerous curves of small radius. The radius of the rail top-comer 
" was 13»"»." 

The flange-hollow' of the two experimental profiles had a hollow of decidedly larger radius than the Prussian 
Normal profiles. (Fig. 17.) 

The results of the experiment were published in the " Sentralblatt der Bauverwaltung ", 188i, page 179 
«nd the profiles are there shown of the three tires before and after wear. In tJiese profiles there is notany noteworthy 
difference in the size of the worn cross-sections ; and, in other ways, -these experiments prove the truth of the remarks in 
the text on the influence of form of wheel-head. 

As to proposals for a new profile with stiffier iuslimation of the working^surface, and flatter or less rounded 
flange-hollow, consult the articles of A. Wohler in the " Zeitschrift fur BauwEsen", 1859, page 359, and the 
« Centralblatt der Bauverwaltung," 18,81, page ISl— 1887, page 177; also the reply to the latter in the (London) 
" Engineer ", 1883, page 157. 
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§21. 
^ Th© Influenqe of Whe^l^r^^clitis qn Otirve-r^si^t^nQe, 

Preoiarfy the saqie result is reached if the Yalue% of ni%i and M2?2 ^^■^ made 9'71 
and 2"52, and 20 and 7, Bespectively, retaining the values of to^ and Wj which form tl^e ^asis_ of 
the Table on p. 35, and giving the radii r^ and Xg other values. 

From the preceding discussion it is evidgnt that a yaria/tion in vfheel-radius oftly 
slightly influences curve-resistance. 

What has been determined in the ease ©f a eurve of H = 600™ can be easily proved 
to hold good for other curves ; as indeed may be seen from the fact that variations in the 
values of a and 6 from '15 to 3"25, and 2'175 to 1"35, respec^iively, only affect tjie value ^f A 
% 1-28, or about 10 % 



§22. 

Influence of the Shape of Flange-Hollow and R^.j}-h@ad 

on Curve-resistance. 

The determination of the resistapcQ at the leading P-w}iepl was based on the postu- 
late that the total weight of the wheel rested on a part of the flapge-hollow inclined to tha 
horissontal at an angle a. This condition is in a variety of cases not fulfiUedr^as, fer example, 
whea a vehicle which ordinarily runs in the straight^ or in a very flat purye^ runs by pxception 
through a sharp curve. Through the mutual action of wheel and rail in fla^ curves an4 straigl}|^| 
the flange-hollow is mainly attacked in the contact -surface indicated by the points ffj an Oin 
Fig. 26— -situate in the neighbourhood of the transition of the flange into thg tread ; ^nt i^ 
sharp curves the flange is also attacked and worn in the part lyin^ below the pgint g„i, 
Consequently, when the flange, whiph on flat curves wears along the line 0i aa dm is magle 
to run through ^ sharp ourye, then the contact at a„i must lie in a surfacg pf Yfl^-i-eh the 
iflolinaiiion more or less gxseeds the angle «. The consequence is that only a pai* Q2 el t^8 
wheel-load P is supported in the hollow, and the horizontal pressure between flaggg aj^^ rail 
"becomes increased by 

•v/e» + OS 

Let a 2 represent the inclination pf the surfacg on wkioh Q 2 resfp, an4 Y the hgxi^^t^ 
iorce which would be produced if Q2 were = P, and a^ = oc .- then for sharp curves, where 
)9 = 0, appyox. 

and therefore, 

If the resistance-coefficient of flange-friction with unworn treads be represented hj 
■^1, and for worn treads with the above described distribution of load, by Ig, then 

_ _ tan oc tan a^ 



and 
and 



4 

~ Q2 tan Og tan a^ 

^2 4P ' 

-§2. = ^ + fP- 1 -f /tan gg 
Si P tan «(1 4-/2) 



(44) 
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Now in the above ratio -^ the A^ of the Table illustrating Eqn. 41a varies: and 
we obtain for the values of a^ given in the first column of the following Table, from Eqns. 43, 44,. 
the values therein given of Q^ and ^ for B = 180™, and d = i™ ; and further the greater 
values of A^ — given in 4th colunm — corresponding thereto. 

In addition, column 5 of this Table gives the increase of A^ : column 6, the increase 
of the curve-resistance in % j and column 7, the curve-resistance for a gross load of 1000 kg^ 
when the angle a^ increases from 32° 41' to 60°. 









i2=180'». d = 4'» 






1 


2 


3 


4 


5 


6 


7 


«2 


Q2 




^1 


Ai - 10-28 


4,-10-28 
12-95 ^""/° 


for 1000 kg. 
kg. 


32°41' 


P 


1-0 


10-28 





0% 


4-49 


35° 


•93 P 


1-012 


10-41 


•13 


1% 


4-53 


40° 


•80 P 


1^043 


10-72 


-43 


3-4% 


4-64 


45° 


•69 P 


1-077 


11-07 


-79 


6-J% 


4-76 


50° 


•60 P 


1-119 


11-50 


1-20 


9-4% 


4-91 


60° 


•52 P 


1-407 


14-47 


4-19 


32-3% 


5-94 



The 6th and 7th columns show that if the angle of downward slide increases above 
the normal size, i.e., from a = 32°4r, to Og = 45°, it has but small influence on the magnitude 
of W. This .suggests, therefore, that it might be desirable, as has been proposed by various 
Engineers, in the case of vehicles of which the leading F-wheel (having an. imworn flange-- 
hollow) would run on the round part of the head of the rail at an angle not very different from 
« = 32°41', to give to the rail and tire a shape in which the slide-angle oc^ should b& 
45°. With such a shape the area of pressure-surface between flange and rail would be much 
greater, and thus the very considerable pressure occurring in the present form of wheel-tread- 
atid rail-head would be diminished. 

Such angle of slide of 4-5° would be quite suitable for locomotive flanges, as the discus- 
sion in § 25 shows. On the other hand, the shape shown in Pig. 17o* in which the slide-angle 
a^ = 64°, must be characterised as a decided mistake; because with this shape PTwill be 
increased by more than Jrd above the normal amount. 

We see from what has preceded that Y and a vary in sharp curves only slightly 
with jB: and what has been shown to hold for H = 180™, holds, also for larger radii. 



* As to the uanal shape in use on the large English Bailways, see the " Engineer," 1883, page 157. 

The Providence and Worcester Railroad employs cylindric tires which for half their width are coned, tho 
rounding or hollow of the obliqne flange has a radins of 19-4«n"> and a romiding-ofE of the top-comer of rail-head to 
a radius of la'Sm™ . " Eaiboad Gazette " : 1886, page 180, 
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§ 23. 
The Influence of Flange-clearance on resistance. 

With the object of showing how the curve-resistance varies when <r assumes other 
values, the values of A for curves of 300'" and 600™ for the max. and min. permissible 
values of a-, are given in the following Table : — 











^ = 4™; a 


= 1-5 


»;/= 


i. 










R 


<7 


iZo- 


Of 


«! Xi 


W2 ^2 


a 


I 


^1 


^2 


^3 


^4 


A 


m 


m 


m 




m 


m 


m 


m 












300 


35 


10-5 


32''18' 


5 


10 


•6 


2-05 


10-26 


•045 





2^05 


1236 


300 


20 


6 


32°18' 


3-5 


7 


•21 


2'36 


10-35 


•057 


•568 


2'173 


1315 


600 


30 


18 


81''20' 


4-61 


10 


2-40 


1-30 


9-40 


■690 





1-30 


11^39 


600 


15 


9 


31°20' 


3 


10 


1-5 


2-20 


9-86 


■277 





2-20 


12^34 



This Table shows that in curves of 300™ rad. when cr diminishes from 35"/™, to 20'°/„, 

jg.jg 12'36 

^increases from 12-86 to 13*15j that is, by ToTFe 100%=6%, of its value for the 

mean clearance. For curves of 600™ rad. when o- diminishes from 30™ /„ to 15™/™, this increase 



amounts to 



12-34 -11-39 
12-02 



X 100 % = 8 % of the mean resistance. 



If Eqn. 42 be employed to examine the influence of a- on curve-resistance, then, as 
compared with the preceding results, we obtain for E = 300™ and <r = 20™/,„ a greater value of 
Wby 4-2 % than fori? = 300™ ando- = 35™ /„ : and, further, for B = 600™ and o- = 15™/„., 
a larger value by 8-8 % than for B = 600™ and cr = 30™/„. From this it is evident that the 
influence of a- on the curve-resistance is correctly expressed by the Formula 42 for vehicles 
of 4™ wheel-base, and that this formula is valid for any wheel-lase within the usual limits of 
clearance. 

In contradiction with our statement of the influence of cr as above determined by 
calculation is the statement on this point in the above-cited account of the Bavarian Ex- 
periments : viz. that when only half the amount of the usual curve track-widening is employed 
there is almost exactly the same resistance as when there is none ; and, that when the usual 
normal curve-enlargement for a curve of from 300™ to 550™ B is given there is a diminution 
of resistance amounting on an average to 25 %. 

It is clear from the evidence afforded by the above numerical determinations that 
such a very considerable increase in curve-resistance as a result of a diminution of the clear- 
ance <r, observed by von RocH, can only have been due to special and quite accidental causes 
which, presumably, might have been avoided by a more careful running in the contracted 
gauge. 



11 



m 



§ 24. 
The magnitude of Curve-resistance at the Flange of the Fore-wheeK 

In tiie Table constrticted itom Bqn. 41a : 
^ _ represents the total resistance : 

A^ - the curve-resistance of the lesAmg F-wh«el : -s .^ ,^^^ flange-hollow 
^3 - the resisttoce of the iniier (guiding) H-wheel : J 
A2 — thai: of the F. A. \ ^^ ^.■^^ contact-surface 'ot their treads. 
A^ — that of the H. A-i 

Expressing the values of the above symbols given in the Table as % of the whole 
resistance A, we obtaiin the figures exhibited in the Soliowing Table. 



it 


^X 


A, + A,^A^ 


m ' 


•^s-%oS4' 


a^X'oi A 


m ■ 


•19 ' 


21 


300 


81 


19 


.'600 


^0 


20 


1000 


77 


423 



Whence we see that about SO % of the total vehicle tesi»td,nce occurs at ike leading 
F-TJoheel flange and th« ontet- rail. Accordingly., it is at thisfioiB't that the wear oi rail 4n curves 
reaches its maximnnij viz., at the ianer-side hi the. odtet-rafl. 

On many Bailways lubrication by greasing the flanges of locomotives has been employed to reduce the Wear at 
the leading flange. The greased tires acquire with time a polished flange-hollow, and thus the abrasion is got rid of 
which ■withotftluBribatiicHi wdnld tafce plaice in the flaUge-hdllow 'fill 60*768) on the^oiiilded tOp-Cortier Sfrail-head. 

-The liiEe of'the wliefel-tread onaxoadlaVitig many curves iS prol61ige& by greasing ty some ^to'BO '/^ ; aiid 
on -the suTfaoe of the rail* thuB smoothed h'y the greased loooiaotJre Wheel-ti«adB <the fore-'wheelB of MCfceeSing 
vehicles sUde more easily ; thus causing a reduction of ourve-resistance in vehicles alflo. 

No alteration in the locdmotive tractive-force arising froin the greasing of the flange-hollow has ever been 
observed. 

The greasing of locomotive flanges has been introduced on the Austrian State Bailway Company, the 
^aiserin Elifiabeth Bailway, the Austrian North-West Kailway, the Bavarian State Bailway, the Upper Hessian 
Eailway, and the South Austrian Eailway, and others. * 

The locomotives of "the Berlin City and Suburban Bailway are -providbd with an -mjeijtor arrangement by 
means of which the flange-Tiollows can, when required, be wetted with water. 

Note. — Particular attention was devoted to observing the effects of the greasing of the inner-side of the rail- 
head of the outer-rail in the above-oited Bavarian Experiments. The experiments showed that by greasing, the curve- 
resistance was reduced on curves of B = 300™ to SSO"™ , on an average by 49 % ; in curves of 200"» to 150™ E, by 
54 %, and in a curve of lOO™ by 61 /J. 



* " Or^an fiir die Fortsohritte des Eisenbahnwesens " : 1879 p. 106 : 1878, p. 3 : and " Zeitsohrift des oesterr. 
Ingenieur-und Architekten-Vereins:" 1878, p. 194. 
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CHAPTER III. ■ ■'■- 

3-AXLED LOCOMOTIVES IN CURVES. 

§ 25. 

The Action of Locomotives on the Tracl<: Influence of Motion 
in a Curve on the Tractive Force. 

When determining the forces which during the travel of a locomotive in a curve 
act between wheel.-an-dirail in the direction of the vehicle's motion and at right-angles thereto 
(i.e.,patollel to^fea^e), the toactive action of the locomotive must be taken into account, 
■because the tracti'ire force aBects the foirces if, G, Y, and X. 

^ Consequently, these forces must be separately determined, according as the locomo- 
Tnotive is light-running, or is hauling a train. 

(o) The ifiQHitvRtrNN'iKG Locomotive. 

For the undisplaceable M. A., of a 3-axled vehicle— referring to Fig. 27— we have 

and ^ef exriz^ to Fig. 13, 



aod so-«»iiSOim Eqn. 126— 

or, if m' — jj' is put = X^, 
F*5fbheT, we hav« 






/m* — -n" 



■r 



''-~2]_ n,x, Rj 
^ _V ,Ra-\^ . 



p = -a-q, and - Eqn. 17, 2 = f - ^. 

i- a 

Now if for the purposes of the foEowing discussion in finding ihe value of Y we 
make the inexact, but still permissible, assumption that the H. A. of the locomotive stands 

radially when Ra->- ~ then for the above locomotive q becomes = when R a has the 
values given in the following Table. 



Vehicle. 


d 


whefti R(T = 


Pass. Locomotive, Prussian S. iRys. 
Goods Locomotive, do do 


4-4 

3-4 


9-68 

5-78 



From the general expressions, Bqns. 13, 14, we db'tain for the M. A. . 

i> 



1 /i R'(T—X^ \ • 
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From Pig. 27, we obtain for Tthe relation 

And if instead of Gi — K^ ^, and Eg ^, the first and second numbers of Eqn. 15— changing thfr 

values Pa n^ Xj into Pg Wj tg — are inserted, and for 2 (Jgd ~ "^2 t, the corresponding 
expression from Eqns. 45, 46 — then we obtain generally, 

s /Rff \ - iJ s /E0--X.2 



m • 



A^^hT~J .„ ^^d~2dl n^x^ °J 



^=/^. /=^7=^^=^=^ +^^ 



/ , 1/jKo- \2 • ' ^ / l/Eo--X.a \s 



+ /P3 2"dVn3X3 ~V 



^/'■-K.-?^-') 



(47) 



For the case in which iZ o- > — , the last term of this expression becomes ±.fP^-^; 

and the minus sign holds if the apex of the rolling-cone of the H. A. lies between the track 
and its centre j and the plus sign, for any other position of this rolling-cone apex. 

According to Eqn. 18, this term is therefore positive when Tier ■< d^ -{- n^x^s; and 
negative if i2 o- >- d^ + Wg Xg s. Further, it is zero when Rv ^ d^ -J- n^ x^ s. This occurs- 
for the forwards-running Passenger Locomotive, when 

Ra- = 4-4" + 20 X -86 x 1-5 = 45-16 : 
and with the forwards-running Goods Engine, when 

B(T = 3.4« -f. 20 X -66 x 1-5 = 31-36. 

Now, we have— from Eqn. 47, and with the assistance of Eqns. 19, 20, and pro- 
ceeding in the same way as in the determination of T for 2-axled vehicles^for the forwards- 
running Passenger Engine, shown in Fig. 28, when 

Xi = • 56"; x^ = x.^ = •86'"; P^ = 6300 hg ; P^ = 6100 kg; Pg = 6200 Jcg ; d = i'A^ ; 
and B =2.5'"— the following values for Y and oc : 

R = 180» r=-99/Pi a = 45°. 

i2o-=6-75'» -M-17/P2 

o- = -0375™. +.29y^Pg 

.-. r = 2-41/Fi 

B =2580™ y=-447/P, a = 28012' 

RcT = 45-16™ -1- l-064/P,_j 

cr = -0175™. +-343/P3 

.-. Y = 1-82/Pi 

In eyaluating the above, the flange-hollow radius— somewhat sharp-worn— is 
assumed to be as before 12'' jm, and the conicity of tread = -— . 

From the above-found two values, and on the assumption (of which the accuracy has 
been j^roved by numerical trial) that as R increases from = 180™ to i2 = 2580™ T corresnond- 
ingly diminishes from 2-41/Pi to r82/Pi we obtain the formula 

^=(2-^^^-4§o)-^^^ (48) 
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In the same way, and with tie same assumptions, we obtain for the forwards-running 
Goods Engine of Fig. 29 : — 



B = ISO" 
Rp- = 6'75- 
a- = -0375". 



r=i-o/, Pi 

+ O-939/Pij 
+ 0-441/P3 

.-. r=2-39/Pi 



a = 45° 



R = 1796™ 

R<r = 31 -ae" 

<7 =-0176™. 



r=-476/Pi 

+ -reo/Pa 
+ •441/P3 

.-. Y = r69/Pi 



oc = 3l°20' 



And the above maximum value of Ra, viz. R(r = 31'36, is the corresponding value of Bqn 18. 
From the above two values of Ywe obtain 



^=(2-47-Jo>^^ 



(49) 



From the Eqns. 48, 49, 19 and 20, we get the values of Y and a exhibited in tlie 
following Table. 



Vehicle. 


f=h ■ . ■ 


R= 180™- 
Bo- = 6-75 


R = 300™ 
E,r = 9-0 


R = 600™ 
Ra- = 12-0 


Y 


oc 


r 


a 


Y 


oc 


Passenger Loco : running 

forwards 
Goods Loco : running 

forwards 


2-41/Pi 
2-39/Pi 


45° 
45° 


2-38/Pi 
2-34/Pi 


44°4S' 
44°48' 


2-30/P, 
2-21/P, 


43°43' 
42°50' 



Further, we obtain from the Eqns. 26 and 45 the following values for the force G^ 
tending to cant the inner-rail at the inner Fore-wheel, and for ff 2 ^^ tbe inner Middle wheel, — 





R = 180™ 


B = 300» 


B= lOOO™ 


R = 1500™ 


Vehicle. 


Per = 6-75 


Ra- = 9-0 


Bo- = 17-50 


Ra- = 26-25 


G, G, 


Gi 


G, G, 


(?2 


^1 


G, 


Pass. Loco: running forwards ... 


^fP. 


•92/P, 


ifPi 


•94/P2 


•88/P, 


•Q7fP, 


•78/P, 


■99/P2 


Goods Loco : running forwards . . . 


IfPi 


•84/P, 


IfPi 


•88/^2 


•83/P, 


•94/P2 


•79/P, 


■98/P2 



As regards the horizontal forces acting at the Hind-wheels, tending to cant the 
rails, we must distinguish whether Ra is= -g- When P a- < -^, we have for determining X 
the relations 



X=:Y-{G, + 2G,^G,) 
g 



and 



G,= - 



V^'-li^-') 



fPz 



(•50) 
(51) 
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WheaRa- _ 5-, then 
and 



X=6s 



fr3 = 2 

We accordingly obtain the following Table for X and G^. 



(52) 



Vehicle. 


R = ISO" 
Ra- = 6-75 


300" 
9 


1000» 
17-50 


1500» 
26-25 


Passenger Loco : running forwards ... 


x= -13/P3 


.^ -20/ P3 


-•SSfPg 


- -ss/p. 


[f = 9-68] 


0,= - -bfP, 


-•2O/P3 


-•35/P3 


- -ss/Pj 


Goods Loco : running forwards 


Z=--15/P3 


-•IS/Pa 


- -SifP, 


-•47/P3 


[¥ = 5-78] 


G3 = - I5/P3 


-•I8/P3 


- -UfP, 


-■47fP, 



With the aid of the values of G3 given above we can determine what amount 
of error is involved in the assumption that the H. A. stands radial when Ra > -^. 

On this assumption we have JK'3 =fP^ : whereas from the preceding, 

for iJrrSOO", 



K^=fP^ ^/l--2«=/p3-979: 
and for 2? = 1000% 

BTg =/P3 a/1--35« =/p3 -936. 
Consequently, the more accurate values of K^ differ very little from / Pg. The error 
in values of F— calculated on the assumption that K^=fP^— is therefore insignificant, 
and may be neglected. 

The action above determined of the locomotive on the rails occurs when the forces 
between wheel and rail are in equilibrium — viz., when running without load, or in special 
circumstances, as when running down-hill ; the engine's tractive force in the draw-bar at the 
head of the train is then zero. 



(6) Locomotive hauling a Tbain. 

Suppose the engine to exert a tractive force Z in the draw-bar. Then for the ' 
forces between rail and wheel acting longitudinally, instead of 2^ = 0, we have 1, K= Z 
Consequently, Ki,K.2, K^, have other values than when the locomotive runs without load. 
Now as (?i, 62, and G^ vary with K^, E.^, and K^, they, also, must have altered values, 
Consequently, Y also must undergo a change in amount. 

The maximum tractive force Z depends on the power of the engine and on the 
magnitude and direction of the frictional resistance between the driving-wheels and the rails 

If the steaming power of the engine be so great that in any case the whole adhesion 
can be fuUy utilized as T. F., then the maximum T. F. depends only on the load on the 
driving-wheels, the coefficient of friction, and on the direction of the unavoidable slidine of 
the driving-wheels on the rails which accompanies motion in a curve. 

Under the circumstances stated, the maximum Tractive Force Z is determined h tli 
nature of the locomotive's motion. 

In order to illustrate these relations, we shall consider in detail the mof t 
3-coupled Goods-locomotive in its travel through a curve. And to simplify matters we sh U 
assume cylindric treads. 
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Let the outer wheels slide with the velocity c^ on the rails in the direction shown 
in Fig. 30 ; then the inner wheels slide with a velocity 

_ ' V 

"ll — Cj -f- s . 



s- 



and 



Z.^fP,il + e)+fP, 



c, + «^ 



V — 



y.'^(»i)"V"Gr;4)%B) 



+fPi 



V — 



Vv.(.D' ^{^TTff^ir^ 



(53) 



In the above expression, e represents a coefficient for the outer H-wheel, which 
las the following values ; — 

e = — 1, if Gi<:o; 

e = 0, if cj = o; . - 

e = + 1, if Ci>o. 



Trom the above equation we have 

V 



for Ci = - J 



2ii 



H. A. 



M. A. 



F.A. 



Ci = 0: 



F 



^ =fPz + -73 /Pa + 0-40 /P, a -Se/Q. ,/ 
2 = 2/P3 + 1-64 /P, + l-04/P,= -yS/Q. 

^= 2/P3 + 1-86/P2 + 1-46/P, = -89/3. 

ct = 4.s^: Z= 2fP, + 1-95 /P, + 1-62 /P, = -93 /Q. 

Tvherein Q = 2 (Pj + P^ + PJ = 2 (6300 + 6200 + 6700) = 38400 kg. = the total adhesion- 
weight. 

The values of c^ and of Z the tractive force are represented graphically in Pig. 31, 

irom which it is seen that an increase in c^, say something over 2 s -5 , has a very insignificant 



■effect on Z. 



B' 



Note. — With the help of this diagram we can determine, conversely, what velocity c^ 
occurs in a curve when the locomotive is exerting a given T. F., and also what the influence of 
the coef. of friction is thereon. 

Suppose, for example, Z= ^ when / = J. Then by the vertical scale of Fig. 31, 

^ = 4 X 2 = 8'»; and therefore Z= ~ t= 1'". Now for Z = l"" we find in the Fig. 

•oj = "Ss-oj and the corresponding values are consequently, Z s= — ,f=. ^^ and c^ as'Ss-^-. 

In this way, the values of c^ exhibited in the following Table have been obtained* 
such that for given. values of /, the tractive force 2 = -^. 



/=i 


i 


i 


i 


i 


V 


^■53 I 


-■'^i- 


-4 


:= 00 



48 
If we insert in Eqn. 53 



c,= ns ^, 



then we obtain 



/ ns ns + a \ .„ / wa ns + s \ 

Z=fV, (l+^)+/^2(^^^,^, ^^, + ^(„, ^ ^y^ t*)'^^ 'W^^^^^^+d^'^V(ns+,)^+d& 

c B 
rrom this equation we see that Z increases with n. Now n = -^ — and is thus greater for the 

r S 

same value of -^^ the greater 2J is : and conversely, for the same T. F., -^ is smaller the 

greater B is. Consequently, with the exertion of the same tractive force the driving- 
wheels of locomotives have smaller paths of longitudinal slide in flat curves than in sharp 
curves. 

sV V 

Thejpreceding values of Z (p. 47) calculated from c^ = — x-n-j uptoci = 4s -^ show 

that the individual driving-wheels conirihute indifferent degrees to the production of tractive 
force: and we see that the P. A. — in consequence of its greater movement in its own 
direction— contributes the least. 

In order to Jbring this out more clearly, the contributions of M.A. and F.A. to 
the total tractive fc^rce are represented graphically in Fig. 32 in per cents, of 2 fP^, and 2. 
f Pxt respectively, Gorresponding to various velocities c^. 

V 

The resulting curves show, for example, that for c^ = 2s p-, i.e., when >Z = '89 f Q, 

or say, 90 % of the whole adhesion, only 73 % of the adhesion at the F. A. is utilizable. 

V 
Further, they show that if c^ increase to 4s ^, and thus Z increases to 93 % of / Q, 

the utilization of the adhesion of the P. A. only rises to 80 %. And since a locomotive is, 
but rarely called upon to exert 93 ^ of its total adhesion, it follows that when moving in 
curves not more than 80 % of the F. A. adhesion can be utilized. 

In straights, also, where the (unavoidable) oscillation of the engine horizontally 
increases with the T. F. the same conditions apply to the F. A. as in curves. 

These considerations show that as regards the T. F. to be exerted by a 3-axled 
engine having 2 coupled-axles, it is not desirable to make the F. A. a driving-axle, and, the. 
H. A. a trailing-axle. 

If the F. A. is a driving-axle, and a part. A, of the adhesion, fP^, of the F-wheel. 
is available for T. F., then there remains the component \//* P^^ — A^ as resistance to 
the displacement of the wheel in the direction of the F. A. The resistance opposed by the- 
F. A. to its displacement in its own direction — i.e., transversely to the track — diminishes 
in the same degree as the F. A. co-operates in the production of the T. F. Consequently, 
the F. A. resists such a displacement most effectively when it does not co-operate at all 
in the production of T. F. It will best fulfil its duty as leading axle, i.e., it will' most 
securely guide and maintain the vehicle in its direction of motion and most energetically 
oppose horizontal oscillations, when it is not a driving-axle. 

i 

For this reason locomotives having an uncoupled axle in front run more smoothly 
other circumstances being equal, than when the fore-axle is a driving-axle,' and for this, 
reason Express locomotives always have the fore-axle free. i 



Fig. 31. 
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For the pressare Y, we have^ on the above assumptions, 
Yd = Z~-s^efP,+fP 






anrl, accordingly, 

forr,= -|^^: r= 2-44/Pi = -oO/Q. 

Ci = : r=2-08/Pi = -34/(3. 

ci= 8^: r=l-29/P, =-21/Q. 

ci= 2a^ : r = 0-92 /Pi ='15/Q. 

If therefore "^ ~ ~ 2 7v' ^°^ thus by Eqn. 53, Z = 0, 

then r= 2-44 /Pi in all curves. 

On the other hand, with conical tires, F= 2'39/Pi in a curve of 180" B; and, it is 
correspondingly less in curves of greater radius. 

Whence we see that with conical treads the pressure Fis smaller than with cylindric. 

In Fig. 31 the numerical values of Eqn. 54 for a locomotive hauling a load are 
represented graphically above the corresponding values of c^ as abscissce ; and it is thus self- 
Gvident that Y decreases as Z increases. 

In deducing the Eqn. 54, it has been tacitly assumed that the locomotive U advanced 
unifurmly by the action of the two cylinders, and that Y in any particular case has a con- 
stant value. This is not so in reality, bec3,use the driving fo^ce of the locomotive is at 
any instant greater in the driving-wheels of one side than in those of the other; and conse- 
quently, a horizontal moment of rotation is produced. 

The value? of F obtained by calculation are accordingly simply mean values, about 
which the real value of the horizontal pressure varies. These fluctuations from the mean 
values are the greater the more powerful the locomotive, i.e. the greater the T. F. is. 

Now because F diminishes as Z increases, it may happen that the value of F is 
entirely within the fluctuation limits, and at some instant may become zero if the momenc 
of rotation within the body of the engine due to the driving force chances to act in the same 
sense as the rotation of the engine due to the motion in the curve. 

This will be approximately the case if the Fof Eqn. 54 is so small that 

Yd = Zj, 

«'' Y= Z^.= -22Z . 

We see from Fig, 31 that this happens when Z = "S/Q. With a greater value of Z, the well- 
known oscillation of the locomotive about a vertical axis ^.rises. A small wheel-base promotes 
the occurrence of these oscillations. 

With the decrease of F with increased loading of the locomotive is associated the 
decrease of the angle a of the surface-contact at the leading F-wheel. This angle can thus 
assume various values in the same curve and in the same locomotive. This fact has an 
important bearing on the choice of the best form of flange for locomotive wheels, and for the 
.corresponding shape of railrtread. (See also p. 40). 
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§ 26. 

Curve-resistance of a Goods-Locomotive. 

The values of T and Z obtained from the Eqns. 53, 54, for given values of Cj may- 
be further made use of to determine the resistance experienced by a Goods-engine, and "how 
far this resistance depends on the T. F. developed, as follows. 

By precisely the same method of approximation as was used to determine the curve- 
resistance of a 4-wheeled vehicle, we obtain the coefficient of the resistance arising from the' 
on-running of the F-wheel against the outer-rail : viz. 

Pj tan a tan a^ 



TF, = 



Q 



Further, owing to the sliding of the 6 driving-wheels in the* longitudinal direction, 

s V . 
the loss of energy per sec, when c^ = — -5 "R ' ^^ 

/ (P, + P, + P3) ±^ : 



and the corresponding coef. of resistance is 

TF, =/: 

for Ci = 0, 



*^~-' Q R~ 2 R 



L'hus we have 



W, 



-fl. 
~ 2E' 



V 



' ZJ R- 



li we substitute in the expression for TFj 

P, , 6300 3-4 

^t^n«x = 38400*12- 



•553 
R 



then 



Wi — „ tan a. 



Further, tan ais given by the expression, — Eqn. 19— 



, ^x 

tan « = — - 



+ f 



Pi 4 



1-^/ 1-^i 
P/ ^ Pi 4 

calculated for the value of Y corresponding to the given values-of c^ the velocity of slide • and 
finally, if s = l-5"', and /=i are inserted in the expression for Ifj we obtain the values of 
Wi, W2, given in the following Table : — 



Cl 


z 


f=k 


W, 


F', 


1F= R^, 4. W^ 


s V 
2 R 



r 
'r 

-1 



•36/ Q 

•78 /Q 

•89 /Q 


•5662 

R 
•4939 

R 
•3480 

R 
•2842 


•1875 

R 
•1875 

ii 

•5625 

•8875 
R 


•75JJ7 
•6914 

•9105 

R 
M217 

22 



•lOods locomotive 



The last column of this Table gives the total resistance W= (in + W ) of 



the 
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From the expressions for TFiii that Table we obtain, by dlvislou. the following Table 
of coefficients of resistance for curves of 180™, 300'", 600"*, and SOO'" R. 



Cl 


Z 


R 


Remarks. 


180'» 


300™ 


600'" 


800"' 


s V 
2R 



V 
'R 



■BQfQ 
•78/Q 
•89 /Q 


•00419 
(168) 

•00390 
(156) 

•00506 
(202) 

•00624 
(250) 


■00277 
(HI) 

•00230 

•00303 
(121) 

■00374 
(150) 


■00125 

(50) 

■00115 
(46) 

•00152 
(61) 

•00187 
(75) 


■00091 
(38) 

•00086 
(•34) 

•00114 
(46) 

•00140 
(56) 


The flgilres in brackets give the cnrve- 
resistance of the whole loeomotiTe in 
kilogn : in calcnlatinp it, the weight 
of the engine without tender is 
taken as 4U tonnes. 



These coefficients show that the curve-resistance of the Goods-engine is afEected in 
a high degree by the T. F. developed : and further, the first of these Tables shows that the 

smallest coefficients occur for Z = ■36/ Q; and that for Z = '89 f Q, the curve-resistance is 

M217 

.Q^ ■ or 1^6 times as great as for Z = ■36 / Q. 

Further, a comparison with the resistance-coefficients of the 2-axled vehicle of 
4" wheel-base shows that the per-cent. curve-resistance of a Goods-locomotive for 2 = is almost 
as large as the curve-resistance of the 2-axle 4"' vehicle ; but that for Z =■ '2>QfQ it is smaller ; 
and for 2 = ^89 / Q is about 40 % greater. 



§27. 
The Variations in Wheel-load during motion in a Curve. 

If the diameters of the wheels of a locomotive are not exactly equal to one another 
then the forces acting at their circumferences in the axle-direction produce in the body of the 
engine a torsion-moment, acting in a vertical plane, which is given by the expression 

J[f=2(?j(r2-ti) + (X-H 0^){x^-x^) 
Owing to this moment, the loads on the bearing-springs on the curve-centre side of the loco- 

p p p 
motive will be increased by — , — ^, — ^, respectively, and the opposite springs wiU be 

fh ti' fv 

correspondingly unloaded by the same amounts. From Pig. 33, we have for the determina- 
tion of V, the relation 



Jf = 



, Pt+P.+P: 



n 



where s^ is the distance-apart of the two springs over' an axle : and conseqaently we have 

1 _ 2gs (ra -ti) 4- {X+G^) {x^ - iQ 



n 



As the loads on the wheels alter, so, of course, does the load on the rails ; thus the 
pressure exerted by the inner wheels is P^ +?!, JP^ +Pa. ^3 +^3 >• and that in the outer 
wheels is P^ + 2i, Pi + 12> Ps +23' 

The values of p and q are determined as follows. 
For the F. A. referring to Fig. 33 



■whence 
Also 
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25= -g- 



(Pi + Pi) « -(P, -^){s - e)-P,(l + l)e ^{O,-Y)t,=0: 
consequently, 



Pi^-{G,-¥)x, 



Px = 



... (56) 



Similarly^ for the M. A.j 

and therefore 
For the H. A., 

and therefore 



P-, = - ^2 



p'-L-20^v 



a *2 



i'2 = 



... (57) 



P3= -?3 



P, '-^-[X+G,)x, 



Pi 



...(58) 



If we insert in the above expressions the approximate values for a Normal Locomo- 
tive, viz. .Sj = 118™, s = I-S'", and for T, Gy, G^, G^, and X, the values given in § 25, then 
we obtain the following Table of the values of p^, p^, Ps, and implicitly, of q^, q^, q^. 

These values for p and q refer to a light-running locomotive. 



VeWcle. 


72 = 180m 


B = 30JM 


B = 1000>» 


' 




















P. 


P2 


Fs 


Pi 


D2 


Pj 


?i 


Pa 


Ps 


Passenger Looo. 


-•16 Pi 


•24 P, 


=--08P, 


-•;5Pi 


-24 Pa 


-•08P, 


-14 Pi 


•25 P, 


-lOP, 


Goods 4q. 


-15 P, 


•19 Pj 


-■03P3 


-•15 Pj 


•J9P, 


-04 P, 


-13 Pi 


•22P, 


^'OSP, 



For 3-axled yejiicles, baying F-and H- wheels of equal 4'am., we have 

i/^= : w = 00 ; 

2,, = -2=((?,-r)^ 

P? = - ?.3 = (^ + ^3) V 

The values of p^ and pg, derived fiom the above two equations are, owing to their 
smalliiess, of no importance as regards the load on the rails. 

For a 3-ax.led locomotive, also, according to the preceding Table, p^ is ingignificant 
■ivhereaa p^ and P^ are not so; an(J in cijrves of less than lUOOW R, their averg,"-e value 
id as follows : — 

('i) for a Passenger locomotive ; p^ = — '15 Pj 



(fc) for a Groo4s locomotive : 



P2 = -24 P2 

P, = - •IS A 

i>2 = -19 Pj, 



For the hauling locomotive the values of pi and 2^2 are smaller, because T G 0. 
(?3, and X diminish as Z increases : consequently, M becomes smaller, 

A further alteration of the wheel-loading occurs if the outer-rail superelevation 19 
not that corresponding to the velocity of locomotive at the moment. Suppose a curve havinw a 
superelevation corresponding to a velocity v, is run over with a yelocity F, and that V > v 
then in each axle of the vehicle there is a centrifugal force (acting towards the convex; side of 



|iljo curve) of the juagtjitude, 2 P 



F' - v ^ 
9^ 



Fig. 33 



^^(^-i\ 



Mi-^D 




Fi+P, 



Pl+1i 



Fig. 34. 
2-P3 r2«2 2P, yZ^i 2Pj ,,i 
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This new force entirely alters that wheel-loading of the locomotive corresponding 
to the normal rail-superelevation. In addition, the forces acting in the end-axles are also 
affected. Referring to Fig. 34 — ^let the forces arising ia the F. and H. A. due to abnormal 
superelevation be denoted by i/i und 1/3. 



Then we have 



2Pi V*-v^ 2P2 F»-«2 B 
y^- = ~ iJ "^ 1 ~B d 

_p ^^^Kd V'-v* 
" ^ 9 S— 



and 1/3 = P3 



Whence we obtain 



2-4-2 ^^ '^~* 



R 



(a) for Passenger locomotive, y^ = "32 P^ = — , 

y, = '29P, 



B 

V* — v^ 
{b) for Goods locomotive, y^ = '29 P^ = , 

y^ = -31 P3 ^ 



For the 2-axled vehicle. 



2 P F« - »* . „ „ F2 - i;2 
^^ = ^« = T — E— = c^n •2P— g— . 

A farther result of abnormal superelevation occurs in the body of the locomotive 
as a torsion-moment M^ such that 

wherein,— referring to Fig. 35,— h is the height of the 0. G-. of locomotive above the rails. 

P P P 

This moment saper-loads the springs on the outside rails by the amount* — , — ?, -^^ 

til ^2 ^3 
and unloads those on the opposite side by the same amount. 



Consequently, ^1 = 



P1+P2 + P3 



!>■, 



«1 

and we obtain 

si /2/i , P,i, -f-P.ia + PsXg N F'-^« 

^"VT" giPt + P.+P,) ) R (^^^ 

And similarly to the Eqns. 56, 57, 58, for the increase of loading of the inside wheels due t& 
Ml, we have 

„ _ ^1 

Pi = — 

P il 

Pa = 



^3 ^ + 2/3 » 



P3=? - 



For 2-axled vehicles we have 



14 



V^ — v^ h 
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Assuming h = 1*5", we obtain from the above equations, 

"^ (a) for the forwards-running Passenger locomotive 

Pi = - -22 Pi V^ - D« 



R 



Pa= --10 Pa F2 



.,,-■■ -B 

Pj = - -27 P3 F' - v^ " :'■■ 
B 

(6) for the forwards-rnnniiig Goods locomotive : — , 

°Pi = - -23 Pi F" - «' - 

R 
Pa = - -11 Pa r^-v^ 

R ' 

P3 = - -25 P3 F» - t" 

R ' , : . . 

If, as is very commonly the case, all curves of radii below BOO™ are snperelevated 

A K 

accordingto the formula -5-, (whicli is based on an assumed velocity ?> = 17'12"'/se(j.) and if 

Mb 

such curves are traversed by a, Goods engine running with the velocity V=6'^- then Pi^ Pj, p^ 
assume the following values : — ■ - ■ ■ - j 



R = SOO*" 


2J = 400» 


R = 600 » 


R = 600™ 


R = SOO" 


22=1000™ 


Pi = -20 Pi 
Pa = -09 Pa 
P3 = -22 P3 


•15 Pi 
•07 Pa 
•I7P3 


•12 Pi 
•06 P, 
•13 P3 


•10 Pi 
•05 Pa' 
•11 P3 


•07 Pi 

•04 Pa 
•08 P3 


•06 Pi 
•03 Pa 
•07 P3 



Let these alterations in wheel-load be combined with- those^for the Goods loco- 
motive— of ^J a jP 3 (^'nd g'l), and we obtain the wheel-pressures for tjie light-running Goods 
locomotive exhibited in the following Table. ■ ,-' 



Wheel. 


R = SOO™ 


400™' 


500™ 


600'» 


800™ 


lOOO"* 


Outer F-'vvheel ... 
Inner M-wheel . . . 




1-Pi 
1-26 Pa 


1-03 Pi 
1-25P2 


1-05 Pi 

1^24 Pa 


1^08 Pi 
1^23 Pa 


109 Pi 



In the above fli indicates the increase of load, corresponding to Pi of the outer F-wheel. 

These wheel-loadings also occur in an engine at the head of a train if, when traver- 
sing a curve, no traction be exerted. ^ But if the curve is on the level, or on a rising gradient, 
then 2i and p„ and consequently, also, the variations in the loads on the wheels, are smaller 
the greater the T. P. is. 

Whence we see that in normally, i.e. correctly, superelevated curves the inner M-wheel, 
and consequently the rail, is especially heavily loaded. Thus for the light-running Passenger 
locomotive, the load is r24 x 6100 kg. = 7560 Zcgr, s^3f j and for the light-running Goods 
locomotive, it is 1*19 x 6230 = 7400 ha. 

Further, the expressions for Pi,. Pa, P3, show that irregular superelevation of 
curves affects the loading of the P- and H-wheels almost twice as much as it does that of the 
M. -wheels. 

And finally, it depends on the ratio x)f F to v whether the maximum loading occurs 
at the inner M-wheel or at the outer F-wheel. ,- . . ^ . 




i 

O 

a 

o 

I 5 



i 







p9Mip«* 02=1 






„o8i a 



-<!--. 






. o 
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§28. 

Graphic representation of tJie Action on the rails of a light-running^ 

Goods Locomotive. 

With a vie.w to show how the rails are stressed by a light-running Goods 
locomotive the forces exerted by the wheels in normally superelevated curves of 180™, 1000", 
and 1500"" rad. are represented graphically in Fig. 36 in magnitude, direction, and position. 

In the Fig. it is assumed that the cant of the rails is ^, and that it remains unaltered by 
any action of the wheels ; accordingly the inner F-wheel and the wheels of the M. and H. A. 
are assumed to rest on the middle of the rail -head. 

' The resultant wheel-.pressures are respectively indicated accordiug to their origins 

by Pi, Pj, P3 ; and further the radii are indicated of the curves in which they occur. 
^ The lengths of the lines representing these resultants are expressed by taking-th« 

wheel-pressures P^, Pj, P3, of the locomotive when standing at rest as unity, and representing 
each of these wheel-presssures by a line of 50 *""' in length. 

'' Thus, for example, the length of the line representing the resultant pressure of the 

outer P-wheel in a curve of 180"" E. is 65" /„ and this resultant has, consequently, the 

65 
magnitude -^ P^ = I'SPj. 

If the Goods locomotive travei'se a carve superelevated according to the formula 

45 
}i = — , then, from § 27, there is a considerable alteration in the distribution of load only far 

the F. and H. A. in sharp curves ; thus the inner-wheels of these axles in curves of 300'* 
to lOOO"" rad. become more heavily loaded by p^ = '2 P^, and p3= "22 Pj up to "06 Pj and 
•07 P3, respectively; and the outer wheels ai*e unloaded by the same amounts. 

The resultant at the inner F-wheel in this case is indicated by the dotted-line at 
the side. 

Since every wheel-pressure which does not pass through the vertical axis of the 
cross-section of the rail causes a torsion of the rail, the Fig. shows that the head ofthe 
outer-rail is pressed outwards by the F-wheel, and inwards by the M-wheel, but by the 
H-wheel it is almost completely maintained in the position in which this wheel happens to 
catch it at the time. 

Thus the M-wheel opposes the thrusting-asunder action of the F-wheel ; and, as 
appears from the Fig., does so very energetically, since the directions of the forces of these 
two wheels cut the base of the rail at almost equal distance from the opposite sides. Owing to 
this difference of direction these forces exercise a severe torsive action— increasing syith the 
elasticity or yielding of the rail-substructure — of that portion of the outer-rail lying between 
these two wheels ; and they tend consequently to bring about a loosening of the joint-fastenings. 

With the 3-axled locomotive, the action, on the inner-rail is different. Here the 
^- and M-wheels both tend to thrust asunder the rails, while the H-wheel tends to bring them 
together. Consequently, there is not such a severe stressing of the joint-fastenings of the 
iimer-rail as there is of those of the outer-rail between the outer F- and M-wheels. But, on 
the other hand, the, moment tending to cant the inner-rail is greater than at the outer; and 
is accordingly the more dangerous one to the safety of travel of the vehicle. 

In the construction of Fig. 36 it is assumed, that the inclination of the rails, *.e. --57: 
is unaltered by the a;ction of the locomotive. This is not exactly the case, because the foicea 
produced by the wheels do not intersect the rail-base in its middle ; and consequently a rotation 
inore or less great of the rail about its longitudinal axis, depending on the elasticity or yield- 
ing of the rail-substructure, takes place. 

In this connexion it is to be noted that this canting of the rail favours its stability 
Ijecause the points of application of the resultants of the forces have then a more favourable 
position relatively to the foot of , the rail, since they are displaced further towards the centr© 
of the track. , . 
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CHAPTEE lY, 



THE BEHAVIOUR OF A 4-WHEELED VEHICLE IN FLAT 
CURVES AND STRAIGHTS. RAIL WEAR. 

§29. 

The Motion of Vehicles in flat curves. 

We see fi'om Eqn. 16 that Y diminishes as Ra- increases : and consequently it is eviA 
dent that there are values of B and <r which will make Y = 0. But these values cannot be 
obtained from that equation because this latter is based on the radial position of the IT. 4,.: 
and this position, as we have already seen from Eqa. 29, does not occur in flat curves, where 
Y < Q. In such curves the vertical axis of the vehicle's horizontal rotation lies somewhere 
between the F. and H. Axles ; and, from the foregoing discussion, it results that if with 
uormal superelevation Y is to be < G, the apexes of the rolling-cones of both axles relatively 
to the centre M of the curve must have the position shown in Fig. 37. 

From this Fig. it follows that in flat curves 

r=o, 

if Kis + K^8= + 2Gid = -2 O^d. 

This equation holds when the two outer-wheels of both axles run with uniform pressure against 
the outer-rail; and we have in that case the minimum value of iJ o- which makes Y = 0. 
We obtain, then, for this minimum: — 

and further Ks — Gd. 

Accordingly, from Eqns. 13 and 14, putting 6 = 0, 
we have 

s /Ra- 



s ( Ka \ 

2i;^-/j 



2 



/ d-' \ (Ra y / d* Ir R V 



and further 



R, 



/d^ \ 



(60) 



Accordingly, Y=0, when B a-, R, and <r, have the values given in the following Table. 



Vehicle. 






s = 


a-s™ 




d 


nx 

TO 


Ra 

m - 


R 


o- = -01 

m 


a= -025 

m 


Passenger cars ... ... 

Goods waggons ... ... 

Sec-Tiine locos. 

Truck 8--sV^heeled vehicle 


5 

4 
2-25 
1-3 


10 
10 

11 

10 


182 

122 

62 

26 


18200 

12200 

6200 

2600 

- 


7280 
4880 
.2480 " 
1040- 



If we take the curve-radii as abcissoe, aind the correspdndmg values of »■ as.OrdinateSji' 
the products Bo- may be represented graphically — as in Fig. 38. Each point. iii these curves- 
corresponds thus to a pressure 1^= 0. ':,'',) 




so 



Fig. 39. 
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From Eqn. 60 it follows that the smallest E. of the curve in which a vehicle can 
run without curve-pressuie increases not only with d but also with wand x; andfor?t=QO 
(cylindrical wheels) is infinitely great. A vehicle with cylindrical wheels, consequently, when 
running.through a flat curve will always exert a lateral pressure T against the outer-rail — 
unless special external forces are introduced to counteract the action of Y* 

In Eqn. 60, o- represents twice the amount of the possible displaceabUity of the middle 
of axle from the middle of the track. Representing this displaceability in general by a-', and, 

\-s\ then the vehicle will run through the curve without 

lateral pressure, if at both axles. 

The displacement a-' consequently decreases as R increases, and in the straight is nil. 

If in curves for which Ecr > nx I \- s lit happens that from the condition of the 

track or from the influence of the adjacent vehicles, or otherwise, a force arises in addition 
to K^, K^, (?i, G.^, then the normal or theoretic circular motion of the vehicle in the track 
wiU be disturbed, and the well-known serpentine swing-movement will ensue. 

The radii given in the Table, accordingly, supply a criterion for the minimum cur- 
vature which the track should have in order that the vehicle may preserve the smooth travel 
of curvilinear motion. 

In the foregoing it is tacitly assumed that the axles remain constantly parallel to one 
another. If the axles were originally parallel to start with, this is really so, for the moments 
Es in the wheel-pairs are in the same sense ; and consequently, owing to the unavoidable 
clearance of the axle-bearings in their guides, the direction in which the axles are free to 
rotate relatively to the underframe is in both cases the same. 



§ 30. 

The Motion of Vehicles in the Straight. 

In straights, where the lateral pressures Y and X arising from curvature do not 
exist, the forces G and K acting at the wheel-treads become the predominant factors deter- 
mining the motion of the vehicle in so far as the clearance and the influence of the coupling 

with the adjacent vehicles permits. 

> 

* From Eqn. 60 we obtain at once 

where p is height of the rolling-cones of both wheel-paira. If we take 2 wheel-pairs, identical in all respects, each 
of which if left freely to itself wonld describe on a horizontal plane a circle of radius p, and if we place them 
parallel to one another in a frame, at a fixed distance, d, apart, then this cpmponnd arrangement will roll in 

a curve of radius = P\—^ + l)~ assuming the rolling-perimeters of each wheel-pair to be distant apart » from 

each other. 

If, for example, P = 1 , — = 2'5 ; 

then B = l(2-5i' -V 1) =7-6'". 

An experiment of this kind was carried out by McDowell and described in the (London) " Engineer," and 
republished therefrom in the " Woohenblatt des oesterreichischen Ingenieur-und Arehiteokten-Vereins " : 1876, 
p. 331. This experiment, howerer, in contradiction to what we have stated above, and presumably in consequence 
of defeotivo observation, is supposed to have shewn that the path described by sneh an arrangement of 2 wheel-pairs 
is a straight line, and not a curve. 

15 
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In Fig. 39 let 3t ^ represent the axis of a straight piece of track ; D^ the middle 
of the F. A. ; D^ the middle of the H. A. j LL the path of the point D^ ; 2/12/2 *^s distances 
of the points B^, D^, from 3 % respectively; and let B, m, q, ^, a, have the meanings 
given in the Fig. Then for the F. A, 

2 1 nt M 



^/»— ir^-»)' 



m 



''■='V"--&->) 



For the H. A, 



2{ nx ') 
K,=fP ^ 



v^'-ii^-^r 



and G.^ = —fP 



V^'-li^-') 



Now for a swijZe moving vehicle, 

K^ s + K2 s = 2Gid=-2Gi d: 
and therefore Gi.= ~ O2 

and accordingly, 

K^ + E, = ^-^G,= -^G,. 
s s 

Consequently, from the above equations, , 

s /'R2y, \ 

__J_(R2y,_ \ 

~ 2d\ nx */ 



m 



(62) 



"2" 



jr — ir _ r 71 
and 



K^r=K,=fp L 



■ ^(f )■ HI)* 

It may be remarked in passing, that these expressions show that the ,4 sliding- - 
resistances, / P, intersect one another in the centre of, and underneath, the vehicle. 

From Eqns. 61 and 62 we have 

— +s) ... (63) 

and from Fig. 39 

Vi — y2 = ^ sin (a + ^) =d (tan a + tan ^) cos a cos /?. 
Or, since we may put 

cos o( = cos ;S = 1, 
then 

^2 = 2/1 — ^ (tan oc + tan fi). 

Putting tan « = -5^, and tan p= —— where m is given by Bqn, 62 

then 

2/2 
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combining this with Eqn. 63, and putting R= — j^ 



dx^ 



-we obtain 



nxi— +s) — 5- 
d'y ^^ ^ ^ dy d_ 



dx^ s_ 

n X 



dx n * 



+ y = 



... (64) 



nx 



and finally, referring to the system of co-ords, of Fig. 40, 



y= he^" 



cos a> V S 4F" ^ U-a^ ^'"^ "'^ 6~4F •■ 



(65) 



Here the Y-axis passes through the crest or apex of the wave ; and h = the height of wave 
-when iB = and a and h have the following values : — 



2- 



h = 






2 — 



nx 



From Eqn. 65, 



-when 



y = 
26 



■ = ^/4y^^^2^^°*^^ 



/46-a« 



and the wave-length 



L = 27r 



26 



v/4 6 - a« 



-or, suflSciently exactly. 



Ir= 2 TT V'6 = 2 TT 



V 






2-^ 
nx 



.. . (66) 



"Whence we obtain the following Table : — 



8= 1-5'"^; «« = 10. 


d 


L 

m 


5 

4 

1-3 


62-2 
50-6 
23-1 



-Putting in Eqn. 65, 



[» = z JD = 2 2 TT. 



/1_ o« 
V 6 46 
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we obtain for the height of the z* wave-crest above the ^axis. 



hz= he * 



or sufficiently accurately. 



zir- 



h» = h e 



Vh 



(67) 



And hence putting hg= ~^, the number of oscillations or sinuosities, starting from the initial- 
height h, down tQ the impinging of the F. A., is 

v/fa . 1 o- 

z max = nat. log n , ■ . 

air ° 2ft 

Whence it follows that each displacement, however small, of the middle of the axle from 
the centre of track results in a wavy course of the vehicle, of which the amplitude increases 
with each swing of the axle until it attains its maximum value in that of the clearance. 
For example, let 

d= 4™, o- = -OITS™. 

Then for h = -00175, z/max = 1-9 ; 

and for h, = -000875, z/max = 2-7. 

Thus in the first of the above cases the vehicle's F. A. would impinge against the rail 
before the second wave-length had been completely described : and in the second case, before^ 
the third wave-length. 

If Sj be the angle at which the above curve crosses the axis of the track. 



then 

and thus for 



tanSi = ^= _ 4e 
ax v/ 5 



h 


d=5'» 


d=4'» 


d=l-3'» 


= •003 
= • 00075 


Si = l'20" 
Si = 3' 50" 


Si = r40" 
8i=4'40" 


Si =3' 30" 
Si = 9' 80" 



At high velocities the F. A. after impact with the rail— -owing to the elastic rebound of 
the rail in returning to its normal position, and to the compression of the laterally springing^ 
axle-horn — may be so forcibly thrown back again towards the centre of track that its path 
after leaving its rail may form an angle with the axis of track. 

In Pig. 41, let pi be the point of impact or re-spring at which the F. A. under these 
circumstances begins its return movement; then the path up to its crossing the axis of track is 
shortened by the piece M' JH, and the path to be described between the points of impact, Jft 

and Jft' forms only a part of the half wave-length — 

Now the angle at which the F;. A. after its last impact departs from the rail increases, 
with the violence of the impact; and this violence, with the velocity; consequently, the 
distance between the impacts diminishes as the velocity increases. * . . 



* M.M. von Weber experimenting with a goods- wapfgon having perfectly formed wheel-tires, by allowing It 
to run freely down of itself on an incline in first-clasa condition of 1 : 30, on the Chemnitz-Bisaer Bailway, found that 
the distance apart of the points of impstct at a velocity of .one mile, was 16m, and with a velocity of 5 miles, it was 4». 
Ton Weber: "Die Technik des Eisenlahn-Betriehs :" p. 134. 



Fig. 40. 




"^ 



Fig. 41. 




Fig. 42. 




Fig. 43. 
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Fig. 44. 
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Under the effect of the blow at the point of impact, which blow varies with the velocity 
of vehicle and the angle at which the impact occurs, the impinging wheel mounts on the rail to 
a height depending on the shape of the rail-head and on that of the hollow of the wheel-tire, 
the rail at the same time yielding elastically ; and the vehicle in consequence of the centrifugal 
pressure acting on it, for the instant, rotates about the impinging wheel. In this way at the 
point of contact an increase takes place of the curvature of the path of the F. A. and therefore, 
of the force at the inner F-wheel, and a corresponding widening of track at this wheel, 
due to the, yielding of the inner-rail. At the H. A., meanwhile, both rails are sprung out of 
line in the direction of the impact. 

The assumption made in deriving the Eqn. 66 for L — that the vehicle had been 
turned-out of the workshop with perfectly parallel axles, and that their parallelism was 
maintained under all circumstances — does not hold exactly for motion in the straight, because 
the axle-journals are not absolutely rigidly fixed in their bearings ; and the bearings and boxes 
can execute small lateral movements of their own ; the moments K^s and K^s are able, 
therefore, to turn the axles through an angle out of their normal middle-position. 

The manner in which the moments K-^s, K^s, can change the position of the axle- 
relatively to the under-frame, is exhibited in Fig. 42. in which X, Y, D^, and B,^ have their 
previous meanings as in Figs. 40 and 41 ; and I, II, indicate the position of the vehicle rela- 
tively to the axis of the track; a^, a^, the axles of the 2 wheel-pairs; the dotted lines passing 
through J9i -Dg are verticals to the vehicle-axis B^I)^. 

In the J-position, in which D^ and D^ lie above the track-axis, and K^ and K^ have 
thus the same direction, the axles a^ and a^ are turned towards the same side relatively to the 
dotted verticals, and are assumed to be parallel. When this state of things occurs, it is 
maintained until I*! reaches the X-axis. But at that instant the direction of K^ changes; 
and, consequently, the F. A. begins to return to its normal position and, on the further advance 
of the vehicle to the opposite side, to place itself obliquely to the axle B^ D^. 

During the passage of the F. A. from the position I into the position II, the value of S"i 
does not depend on the value oi y^ as given by the expression on page 58, but upon the 
displacement of this axle from its normal position ; viz., on the lateral movement of the axle- 
boxes in their guides and on the compression of the bearing-springs due to the lateral 
movement of the axle-boxes against the bearing springs. 

Ki will = only at the instant in which the axle passes through the normal position. 

If K-i^ immediately after the passage of the point D^ through the X-axis became nil and 
remained so, then the F. A. at any moment would rotate about the apex of its rolling-cone, 
and Di would describe a curve, which — from the condition 

1 nr s 

= P 



d^ y ^ 2y ' 

and with reference to Pig. 43— is represented by 

y=-tnnS,^^siux^-^^ (68) 

This curve cuts the X-axis in points such that 

sma; A/ = U; 

V nxs 

/ nx 8 n /n X s , 

VIZ. for aj = 0, x -^ it a/ -y- , a = -i tt ^ ~2~' 

The wave-length of this sine-curve is thus independent of S^ and is 



•MM von Weber found by experiment 16" as the value of I for a velocity of 1 mile : " Technik 
Miieiibahn-Betrieles," p. 134. 

16 
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Consequently, it is considerably smaller tlian the length L obliained from Eqn. &Q. 
I'or the. height of wave we have 

2y.„.=2tanS,*/^. 

The angle S^ is made up of the angle of rotation-displacement of the axle from its normal 
position, and of the inclination of the vehicle-axis to the axis of the track ; and — referring 
iso Pig. 44 — is Sj^ = 7i 4- (yii : or if I)2^^s ^^ ^^^ opposite side «jf the track-aods — ^in Fig. 44 
it lies, under it — then, 

Si = Yi— 7ii. 
We obtain thus 

2 2/mai = 2. tan fyi ± 'in)/s^ ~ : 

and from this, accordingly, it foUows that the height of wave 2 j^max, increases with the angle 

of deviation or swing y^ ,. 

Also, 



V 



nxs 
~~2~ 



If ymax becomes = half the clearance, then 



cr 



tan (7i ± 7„) = -^ ^ ... ... (69) 

t s 
2 
Should the clearance of the axle-bearings permit a greater angle 7r, that is, if 



V^ 






tan (7i ± Yii) > 

/ nx I 

V -T 

then 2 i/max > <?■» and the F. A. wheels run only intermitten'tly against the rails, and the 
serpentine motion is thus destroyed. Under these circumBtaiijces, the crossings by D^ of the 
middle of track are less apart than — from one another. 

Numerical Illustration : — 

From Eqn. 69 we have f or m r == 10, s = 1'5« , <r = -0175 

•0175. 1 



tan (71 -j- 711) = 



V^ 



lOXJ-6 



2 

■whence 7 + 711 = 11' 20'. 

The maximal value of 711 is given by 

<r 0175 
tan 711 = SI = s — 77z' 
2d 2x4'™ 

or 

711 = 8' 26'. 

With this value of 71 ,2 ymax = ir = •0175, 

if _ 

7, = 11' 20" + 8' 26* 
or 

71 = 2' 54", and 19' 46*. 

In order that the occurrence of this defleetion-angle 7j may be possible, the axle-journals must have an 
angular play (Fig. 44) «=Sj sin 7, where Sj is the distance apart of the jonrnals, c to e. 

In vehicles s, = l-OSB"", and thus e = 1-956 sin 2' 54" = •OOl'T*" for the position of D, above the axis of the 
track; and e = 1-956 sin 19' 54"-0012">, when it is below it. Fig. 44.) 

If 7jj = 0, namely if Dj lies in (Fig. 44 — the middle of the track, then, when 27iueiz = '075, 

£ = 1-956 sin 11' 20" = -0065". 
Trom the above it follows that when e = l'?"", the height of wave can never exceed the value 27max = O'0I75 whatever 
direction the vehicle-axis at the instant when D, passes through the centre-line of the track may have relatively to the 
centre-line of track. 

It further follows that when e = 11'2«">', in the exceptional case when tan7,j= — .£-or7,, = —8.' 26", then 

the wave-height 27 max =- <r = -0175 : for all other possible values of y^^^ between — 8' 26 " and + 8' 26 '', it is greater 
than (T = -0175. Conseqiiently, for € = 11 : 2«"> an impact of the Fore-wheel would occur in any other position of the 
Tehicle relatively to the centre-line of track. 
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If ford = 4»"» and o- = '0175, e is > 1"7»»,. then the F-wheels can run against their rails y am^ they will do 
BO' the more violently the greater e is. The vehicle will run, oonseqnenitly, more unsteadily the mors e exceeds the 
■roltie l-lfnw. 

It has been assumed that the axles can displace themselves through the angle 71. 
This is not absolutely correct, since each angular displacement is opposed by a resistance 
depending on the rigidity of the connexion oi: the bearings with the vehicle's springs. 

The points 17i, Dj cannot, therefore, describe the curves represented by the Eqn, 68. 
On the contrary, they must move in paths whose wave-length is greater than I, so long as an 
impact ot the wheels does not take place.^ 

These considerations Show, consequently, that the axle^centres D^ and Dj move 
neither in the curves given by Eqn. 68, nor in those given by Eqn. 65, but really describe 
curves of a kind lying between these; that they approach in character more to the former 
when € is large, and when the connexion of the axle-boxes with the vehicle's springs opposes a 
small resistance to an angular displacement of the axle : and to the latter when e is small, 
and there is a greater resistance to axle angular-displacement. 

The height of the wave really described by Z>i will therefore not be constant as 
indicatetJ by Eqw. 68, but will increase with the length of the path described, although not 
to degree indicated by Eqn. 65. 

According to the expressions obtained for L and I, L increases with n and d, and I 
with n. This shows that the length of the waves described by the middle of the axle increases 
with n and d: and that the vehicle will run the more steadily and smoothly the larger n and d 
are. Further, it f oltews that the length of the waves, decreases as e increases. 

Accordingly, smooth travel of vehicles is promoted by moderate conicity of treads, 
slight displaceability of the axles, and a long wheel-base.* 

As a consequence of the serpentine motion of the two axles the whole vehicle 
oscillates in the horizontal plane. The axis of this oscillation usually lies between the F. and 
H. A. Biit it can and may happen that notwithstanding the serpentine movement of the 
axles, the axis of the vehicle remains parallel to that of the track and that all points in the 
vehicle have the same uniform lateral movement. The magnitude of this swing is made up of 
the height of the wave described by the axles,, of the amount of the clearance by which the 
axle-boxes can move in the axle-box guides or jaws, and of the clearance with which the axle- 
bushes are displaceable longitudinally in the axle-journals. 

In well-maintained Passenger vehicles these clearances amount to 1""" or 2""" and 
2""" to 5""", respectively, or to a total of 3*"™ to 7""" ; and generally, the smaller of these clear- 
ances are to be found when the vehicle leaves the shops with normally turned-up treads, and 
the larger, when the treads are worn. In the worst cases, when the swinging of the axles 
results from enlargement by wear of the original clearance, the lateral movement of the 
car-body may increase from (S-I-IO)- = IS"" up to (7 + 25) = 32»"». 

If the vehicle pendulums about a vertical axis then the lateral swing or deviation 
above the axles may amount to 13""" or 32"""- ; and at the ends of the car-frame it may be 
correspondingly more. 

The frequency or number per sec. of these oscillations is approximately „-= ; or with 



speeds of 60—80 km./hr. it is about 2 to 3 per second. 



* On the Lehigji Valley Kailroad experiments were carried out as to the influence on the motion of vehicles in 
the straight of cylindrio and conical treads respectively. The conical treads had a conicity of 1/8". These experiments 
showed that vehicles with cyKndric treads ran more smoothly- than those with conical. The velocity in the eiperi- 
ments was 10, to 15 miles per honi-Bailroad Gazette : 1882, p. 787. 
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To determine the influence of the clearances e and a on the steady travel of vehicles in the straight experi- 
ments on a large scale were nndertaten on the Berlin-Anhalt Railway, and the results published in detail in th© 
" Organ," 1880, p.l89. These experiments showed that the vehicles given in the following Table ran smoothly in the 
fastest trains, when e and <r had the values shown therein. 



Vehicle. 


d 


e 


(T 


71 +711 


Bemarks. 




m 


vim 


mm 






No. 372") 












{ 


4-80 


2 


10 


7' 6" 


2.axled 


369) 












217 


4-08 


3 


10 


8' 30'' 




191 


4-08 


2 


10 


7' 44" 




172 


4-00 


1-5 to 2 


10 


7' 23" 




367 


4-40 


IB 


Tire in 
good con- 
dition. 


... 


l> 


356 


6-44 


2 


do. 


... 


3-azIed 



In the above there was a longitudinal clearance of the axle-boxes in the axle-horns of l""*, and a clearance- 
of the journal in the bushes of I'S™™. 

The values of 71 + 711 in the above Table are calculated in the manner already described from e, o-, and d. 

These values are somewhat greater than they would be if the axle-boxes were perfpotly free to move by 
the amount e. Thus Eqn. 69 gives, for o- = lO,""" 



tanf7i -(-•)ii) = -005 



^/■. 



whence 



20. -5. 1-5 

71 +7" = 6' 17." 



If under special circumstances when running in the straight both axles are displaced as 
far as the clearance e permits from the normal middle-position into the opposite one, then the 
vehicle moves for the moment about the point of intersection /S of Pig. 45, of which the dis- 
tance from the track, when e = 2""" and d = 4"', is given by 

l:l^=|:iJ(=1956'"). 

A smaller value of R is not possible ; and this R is therefore the minimum radius 
occurring in the path of the vehicle. 

But when the vehicle is provided with any device for bringing about a radialization 
of the axles in curves this minimum becomes very much smaller — supposing such device 
permits the axles to make the necessary deviation required in the sharpest curves, and that 
the moment, Ks, bringing about the radial position of the axles, has only to overcome the 
inherent frictional resistance of the mechanism of the arrangement, and not some inserted 
elastic resistance in addition thereto. 

If the F. A. of such a vehicle having a radializiiig mechanism runs against the rail so that the impinging- 
wheel mounts on the rail and so temporarily runs on a rolling circle of which the radius is, say, 5""», greater than that. 
of the opposite wheel— which may very easily happen with the normal shape of wheel-tread— then the moment, Ks, at 
this axle will move the axle in an arc of a circle of radius p — '5 -v- = ISOm until the point of intersection, S, lies 
at the minimum distance possible from the track corresponding to the axle's angular displacement. 



If, for example, a vehicle is provided with a mechanism which will radialize axles to a curve of 180»i radius 

12 



then the above difference of radii of Sw™ [need only exist on the track for a distance or length of say, — d, or where 



2"! 

d = 4m for a distance of 1-—, in order that 8 shall be 180" distance from track. 
o 



to 180"> 



Thus with such a radializing mechanism the minimum R in the path of a vehicle might be reduced from igoe"*: 



These considerations lead to the conclusion that a vehicle with a radializing mechanism 
moves in sharp curves in consequence of the facile displaceability of the axles precisely 
as one does without such a contrivance : whence it follows that radializing contrivances promote 
unsteady motion of vehicles in the straight. 



Gi 



3-J 



Tjj Qie insertion of an elastic resi.^tance iu the raili.iliziug r.ieckaui.sin wliicli sliiill 
'C-pposG the angular displacement of the axles and s^liall restore the displaced axle to its normal 
middle -positionj this disadvantageous action may bo lessened or wholly removed. However, 
when deprived -of its movabilit/ this device loses concurrently some of the advantages it 
offers for the passage of carves. But as soon as a "dead" travel (>r motion, which is to bo 
expected through the wear due to the great stresses acting, appears in the mechanism, there 
occurs a too easy displaceability of tho axles and a too large deviation-angle iu the straight iu 
spite of the iaserted elastic resistan.ce, 



;§ 31. 
The Abrasion of Rails. 

Steel rails liave now for years "been exclusively employed in the construction off 
a'llnew lines: and,a,s the ©bsei-Yations made on the diminution of their cross-sections show, are 
gi'adually worn down by the loads passing over them in proportion to the mechanical work 
done in friction between wheel and raiJ. 

Oo-nseqneotily , ithe oomparatiwe dniration .of steel rsiils of the same oross-aection, same 
quality of metal, and same degree of hardness, in any two different sections of aline is detei'- 
minable in advance, iE it is known in w hat proportion the quantities of work done in the wearing 
down of rails in these j)articular sections .of the line;stand to one anotlher— assuming that the 
ty,pe and maintenance of the j)erma.nent-wiiy are the same in both cases, and that appxojxamatol-y., 
at least, the-same type of stock passes over tho line-sections in question. 

Tlie abraeion of rails is ihms dependent on the nature and the amount of traffic ; and 
«,lso on whether tbe sediians of line arc Jevel or inclined, tti-aight oj curved j and wJielJier 
brakes are used thereon or not. 

TJi8 rfhservaiiona made on tke various Iliiihvays iin membershj,p wiUi {he tTnion of German Bailwaj^ 
Administrations enable the wear of steel rail-heads to be estimated per gr.ss tiavefling 'load of one million tonnes as 
ioUows":— 

(1) In fiat country, where there arc but moderate grades (below -jgy) and curves of 'large radii and on 

which brakes are not used, theoibrasion amounts toTrom S™™ to lO'nw. 

1 1 

(^) In seotionswith average inclines (of j^ to j^") and flat curves, and on -ivhich brakes arc in partia;! 

.use: the abiasion = 1-1 to 17'"™. 

1 1 

(3) In sections with inclines of Jqq 'to q^ and having onrveeiof SOO"' ,B.; .abrasion = -SSmm. 

1 1 

'(4) InmountaiU'divisicais.wilhrgrailesQf ;(]^ *^° lo and<Ottr,ves of 5.00™ U; abrasion = 50 .to IOO«»i. 

("Sec '' Orrgan Jar die Fortschritte -das Bisenhahnwesens" , 1866, p. 223). 

As eaamples of severe-abrasion tne following ebaervations on .rail-wear may be instanced. 



Esiilway. 



Obsenrod annual 
Rail head wear 
in niillimetruc;. 



Cliaracteristics o'f 

tho section -under 

xibser.Vi.tion. 



.Atlantic and Great 
V/estern '(America) 

Rhenish Bail waj 
Pninswict Eailwny 
Eoyal Wiirtembuig 

Paris-fiyons'M'cditcr- 

janean 
SaaibEiick (Eailway 



r 1-8 
I 

i .1 or> 

I '34 

l.^ -80 

•2-5 

■35 

•re 

;03 to S2 



Outer-rail on a curve of I2?)« 

11, and. a. grade, of I : 83. 
Inner rail of same curve. 
Gradient 1 ; IBl. 
Gradient 1 : 1('68. 
luoline at Aachen. 

Descent 1 : Ao. 



Brakc-scotion, iE)udweiler,&lin. 



n 



m 

In siraigJits, && flaugBs come- but rarely into contact with the' sidie& of the rail ; anct 
ro-nseqwently mo-<t of the wear is to he found on the top or table. The worn surface assumes. 
a domed shapOj because the rails under the influence of the rolling wheels pendulum about a 
fongitvidinal axiss. This longitudinal axis iis situate in the foot of the rail in wooden 
cioss-sleeper track : audi, with iron cro^^s — or I&ngitudinal — sleepers, at a greater or smaller 
distance under the same, dependang on the variability of feho point, of support of the rail. In 
parts of a line where brakes are in use the rounding of tbe raiil-head from v/ear is less than 
that on sections in which the' brake is never applied, becaase braked wheels exercise less lateral 
pressure, and the rails in consequence petiduluna through a smaller angle. 

Eails are usually rolled to a flatter shape of head than that wMch they finally 
a^-quire through wear. However, there are makers who give the rail-head a curvature having 
tlie height "of the rail as radius. All such pecuHarities liave, in the main, only the most 
insignificant influence on the wear of rails and wheels; the original cmrvature disappearing 
after a conaparatively small fraction of the whole life of the rail has elapsed. 

For the same reason, the- frequently-proposed absolutely flat rail-top has no practical 
value. 

• 

The torp-surface of the heads of both rails are, in the straight, equally worn, whereas 
the wear in curvesi owing to the action of the individual wheels (minutely explained in § 19) 
is differonfe 

According to § 24, some 80 % of the whole curve-resisfeance of a 4-wheel vehicle in 
aliarp curves occurs at the flange of the F-wheel — assuming that a normal contact and 
action of wheel and rail takes place. When tWa is not the case, if, for' example, in a curve of 
©OO^R. the F-wheel flange slides on a surface of the rail-head inclined at an amgle a^ = 6(f 
to the a-xis of the wheel the resistarto© to be overcome at the flange of the leading wheel 
increaaeis,, in this Instance, to 1-4 x 80 %, or 112 % of the normal curve-resistance. 

Im LocomoitiYes almost exactly the samje thii^ holds. : whence it follows, that the wear 
due to curve-resflstanoe shows itself principally on the inner-side of the head of Ihe miter ruil } 
and that the wear of the top-sufface of rail-head hoth of the inner and the outer rail is, compared 
with the wear of the inner-side if the rail-head, quite insignificant. 

How Tery ir»aoh mofe severe in Esharp curves the abrasion on the inner^ide of outer raiUhead is than that 
OB the top is seen from the croBS-seotions of rails shown ia (PiofS. 46), (46a), Those of Fig. 46 are taken fram 
a curve on the Berlin City and Suburban RattvifEty, the.latter from ciirves of the severely inclined ajid sharply-iOurvedi 
track on the Annaberg-Floha Railway. 

The tainfe LowMBOifeives wqirking Qn the B.erlin City and Suibnrban Eail*fay have leading-axles with wheels 
©f ]-L2» diam, and 2 coupled driving-axle* liaving wheels of l-72>» dism. 

^fhen ^hese engines rvfo, bfickwards (the driving-axles then in front), the loading drivirg-^heelemgages— eve^ 
■^hfixi, there is only a, small ijreyious weftr of t^ie outer-rail — with the rail-head in the couJcal pari of its flange, and 
i\\\ifi produces the gviidipg surface, only slightly domed and much inolined to the vertical, of the worn rail-head, of 
Jiig. 46. Tl^e diffm-e^jce in the profiles of these rails taken from the sa^e curve is due to the cireumstanpe that the rails 
^re laid on tlie Haarmann System— longitudinal s^eepprs— and are attached to eacji othef by cross or, tiejods. (1) 

It will Ibe further seea from tie crossrsectioBS in Fig. 46a (2) t^at the flanges have cosmplStely impressed their 
fitp-m On the rail-head. If the.se proflleH are oosmpared with the other two, worn under the totiUy different ooflditiona 
obtaining on the Berlin City amd Suburban Railway, ^e see that all foor profiles between a smd 6 have the same sh^je 
in comnion- 



(1) The Berlin City and Suburban Railway is luid with longitudinal sleepers on the Haarmann System, 
with cross-tie rods in curves. [In Fig, 46 the left hand cut represents the profile of wear of the irail lying hetween- 
the tie-rods ; that on the right hand, the wear-profile cft the tie-rods.— Tj^ans.J, 

(3) These cross sections were adopted abopt 14 years ago : the,, rails are stee'.-headed. 
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Die Wirkungen 



ZVVISCHEN 



Rad und Schiene 



UND 



ibre EiDflisse ant dea Lauf nod den fiewegoDgswiderstand 
der Felimiige in dea EisenbaliDziigeQ. 



Nach eigener Theorie 

aus der Construction der Fahr?euge und mit Rijcksicht aui die Liige 

des Gleises ermittelt. 
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